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Abstract. We show a Riemann-Roch theorem for group ring bundles over an arithmetic 
surface; this is expressed using the higher adeles of Beilinson-Parshin and the tame symbol 
via a theory of adelic equivariant Chow groups and Chern classes. The theorem is obtained 
by combining a group ring coefficient version of the local Riemann-Roch formula as in 
Kapranov-Vasserot with results on K-groups of group rings and an explicit description 
of group ring bundles over P 1 . Our set-up provides an extension of several aspects of the 
classical Frohlich theory of the Galois module structure of rings of integers of number fields 
to arithmetic surfaces. 
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Introduction 

In this paper we initiate an adelic theory of Galois module structure for arithmetic 
surfaces which extends many aspects of the corresponding theory for ring of integers of 
finite Galois extensions of number fields. Adelic methods have played an important role in 
the classical theory of Galois module structure ([H]); the starting point is Frohlich's adelic 
description of the class group of finitely generated locally free modules for the integral group 
ring of a finite group. Here, we introduce into the picture the higher dimensional adeles of 
Beilinson and Parshin, certain "adelic Chow groups" defined using these, and also a host 
of other constructions, some of which are inspired from the theory of loop groups. Our 
main result is an adelic Riemann-Roch theorem for group ring bundles over an arithmetic 
surface; this can be used for the calculation of equivariant Euler characteristics of arithmetic 
surfaces with a finite group action. 

To explain further we need to introduce some notation. Let Y be a projective regular 
arithmetic surface over Z; i.e the structure morphism Y — > Spec(Z) is projective and flat 
of relative dimension 1 and Y is regular and irreducible. Suppose that G is a finite group. 
By definition, an Oy [G]-bundle £ of rank n on Y is a coherent sheaf of (left) 0y[G]- 
modules which is locally free on Y, i.e there is a finite affine Zariski open cover Y = Uig/t/j, 
Ui = Spec(Aj), of Y such that £\\j i is the sheaf that corresponds to a free A;[G]-module 
of rank n. To such an £ we can associate a projective Euler characteristic x P (Y,£) in the 
Grothendieck group Ko(Z[G]) of finitely generated projective Z[G]-modules as follows (see 
[6]). Consider the Cech complex C*({Ui},£) obtained from £ and the cover {Ui}; one can 
show that C'({Ui},£) is a "perfect" complex of Z[G]-modules, i.e. that there is a bounded 
complex (P*) of finitely generated projective Z[G]-modules P 3 and a Z[G]-map of complexes 
P' — » C'({Ui},£) which induces an isomorphism on cohomology groups. Then we define 

x p (Y,£) = Y / .(-iy[p j ] 

where [P 3 ] stands for the class of the module P 3 in the Grothendieck group Ko(Z[G]); 
this is independent of the choice of the cover {Ui} and of the complex P*. Recall that by 
Swan |48] all finitely generated projective Z[G]-modules are locally free. This gives a rank 
homomorphism rank : Ko(Z[G]) — >■ Z whose kernel KQ Cd (Z[G]) can be identified with the 
class group C1(Z[G]) of finitely generated locally free Z[G]-modules studied by Frdhlich. 

If G is abelian, we can consider £ as a vector bundle over the scheme Y x G* with 
G* = Spec(Z[G]) the Cartier dual; the class group C1(Z[G]) can be identified with the 
Picard group Pic(G*). In this case, versions of the Riemann-Roch theorem for Y x G* — > G* 
(such as the Deligne- Riemann-Roch theorem of [13]) can be used to calculate the element 
X P (Y, £) - X P (Y, Y [G] n ) in C1(Z[G]) = Pic(G*). This basic observation together with the 
theory of cubic structures eventually leads to a satisfactory theory in this case, especially 
in the crucial case when the bundle £ is obtained from a tame cover X — > Y (|40|. [10] : see 
also below). When G is not abelian, the above do not apply. Then, we will see that the 
adelic point of view gives a natural framework for developing a sufficiently fine theory that 
can be used to calculate the classes x P {Y,£)- 
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Indeed, it is our point of view here that the bundle £ can also be described by adelic 
transition matrices as follows, where "adelic" is meant in the sense of the higher dimensional 
adeles of Beilinson and Parshin. Recall that a (non-degenerate) Parshin m-chain of Y is an 
ordered m-tuple rj = (77^, . . . , r/j m ) of points of Y with h < ■ ■ ■ < i m , such that m k lies on 
the Zariski closure of the previous point f]i k _ x and with the codimension of the closure of r/i 
in Y equal to i. Since Y is of dimension 2 we have m = 1, 2 or 3. For every such Parshin 
chain i] one can define the "multicompletion" Oy yT} = Oy^i ...rn m by successively taking 
localizations and completions of Oy starting from r]i m (see Proposition II. 2p . For example, 
if r] is a 1-chain and r\ is a single point, Oy„ is the completion of the local ring of Y at rj. 
In particular, for the generic point t]q of Y we have Oy m = K(Y), the function field of Y. 
If r] = (770,771,772) is a 3-chain then Oy tVoVlV2 is a finite direct sum of two-dimensional local 
fields. For each point £ of Y, we can pick a CV^fG] -basis eg = {e^}^ =1 of the completed 
stalk £^. If (770, 771,771) is a Parshin triple, and < % < j < 2, then we can compare bases at 
r]i and r)j and write 

e m = ^viVj ' e %> with G GL n (Oy ffir?j . [G]). 

The matrices X mrij are "adelic transition matrices" for the bundle £. We say that £ has 
elementary structure if we can choose bases as above such that the corresponding transition 
matrices X mrij , regarded in the infinite general linear group GL(Oy trhT]j [G]), belong to the 
commutator subgroup E(Oy tritVj [G]) generated by elementary matrices. 

By an "adelic Riemann-Roch theorem" for £, we mean a formula that allows us to cal- 
culate the Euler characteristic x P (¥i£) starting from the adelic transition matrices {A %r;j . } 
and which involves suitable "adelic characteristic classes" of £. 

Our main result gives an adelic Riemann-Roch theorem for bundles £ that have elemen- 
tary structure, under some technical assumptions on Y and G. In particular, for this we 
will assume that the group algebra Q[G] splits in the sense that we can write 

(0.1) Q[G] = Y[MaA mxmi (Zi), 

where each Zj is a commutative finite field extension of Q, i.e a number field. However, a 
number of the results in the paper are true for arbitrary finite groups G. Also, in addition 
to our standing hypotheses on Y, we assume: 

(H) All the irreducible components of the fibers of the morphism Y — > Spec(Z) are smooth 
(therefore also reduced) and furthermore, the hbers at primes that divide the order of the 
group G are irreducible. 

To describe the Riemann-Roch theorem we need to explain several important ingredients: 
We first have the adelic Chow groups CH\ (Y[G]) for i = 1, 2. We define 

CR 2 (YlG]) . = nu^) ^(d Ym [G]) ■ rib) K 2 (eWgp b 

U{(, ^2(dy >a [G]f 

as a quotient of a suitably restricted (adelic) products of K2-groups of multicompletions, 
where the indices range over all Parshin 3-chains and all 2-chains respectively. (See Q2.h[ 
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7c] for details.) Similarly, we set 

n;, ,^ K ^WG]) 



CHl(F[G]) := 



These definitions are interesting even when G is the trivial group. If G = {1}, CH^(y[G]) = 
Pic(y). In the case of the trivial group and when Y is a projective smooth surface over a 
field a similar construction of a second adelic Chow group has been considered by Osipov. 
We conjecture that his construction agrees with the one described in this paper. Osipov 
shows that, in this geometric non-equivariant case, his second adelic Chow group agrees 
with the classical Chow group CH 2 (y) of codimension 2 cycles up to rational equivalence 
(|39j). On the other hand, recall that by Frohlich's classical results we have a canonical 
isomorphism 

CUZrGll * n;K l( Q p[ G]) 

1 [ l> (K 1 (Q[G])n p K 1 (Z p [G]))^ 

This isomorphism allows us to identify the class group C1(Z[G]) with the first adelic Chow 
group CHi(Spec(Z)[G]) of Spec(Z). 

The second ingredient of our Riemann-Roch theorem is a pushdown (Gysin) homomor- 
phism along / : Y — > Spec(Z) 

/* : CHl(F[G]) CHi(Spec(Z)[G]) = C1(Z[G]). 

This is constructed by assembing homomorphisms 

f*vomm '■ ^{Oy^^IG}) Ki(Q p [G]), 

where p is the characteristic of the closed point 772 , which are obtained using either the clas- 
sical tame symbol or Kato's residue symbol. Showing that these homomorphisms produce 
a pushdown /* between the adelic Chow groups is a subtle affair that involves using various 
reciprocity laws; the most difficult part is proving that the denominator in the definition of 
CH| i (y[G]) maps to the denominator in the Frohlich description of C1(Z[G]). This comes 
from considering the central extension (|0.2p which we will describe below. 

Finally, the third ingredients are the adelic Chern classes c\{£) and 02(8) of £. The first 
Chern class c\{£) is defined for an arbitrary Oy[G]-bundle £: It is given as the class of 
11(770 ?n) ^ e ^(^vovi) m CH^(Y[G]) where A,y 0??1 are adelic transition matrices as above and 
Det(A) stands for the class of a matrix A G GL n (CV ]??0)7l [G]) in Ki (CV >r?0??1 [G]). The second 
Chern class C2(£) is only defined when £ has an elementary structure. Recall the Steinberg 
extension 

1 -> K 2 (d Y , v [G}) -)• St(6 Y , v [G}) -> E(d Y ,r,[G}) ->> 1 

with E(0y j7? [G]) the elementary subgroup of the infinite general linear group GL(Oy 5 ^[G]). 
To construct the second Chern class, we choose lifts A^ ir?j of the transition matrices A %% . 
to the Steinberg group and consider 
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as an element in K2(Oy jV0V1V2 [G]). By choosing the lifts A %??j carefully, we can guarantee 
that the Steinberg cocycle z(X) := (z(\)( V0jV1 . V2 ))( V0iV1 . V2 ) is "adelic", i.e. lies in the numer- 
ator of the right hand side in the definition of CH^( Y~[G]) (See Proposition I6.4p . Then the 
Chern class C2(£) is given as the class of the element z(X) in CH^(V[G]). 
We are now ready to state our main result. 

Theorem 0.1. Assume that Q[G] splits and that Y — > Spec(Z) is a regular arithmetic 
surface that satisfies (H). Then, if£ is an Oy [G]-bundle of rank n with elementary structure, 
we have 

X P (Y,£) - X P (Y, Oy[GT) = -U(c 2 (S)). 

Let us remark here that if £ has an elementary structure, then c\{£) is trivial; this 
then explains the shape of the identity above. Indeed, in this case of relative dimension 1, 
this agrees with the shape of the classical Grothendieck-Riemann-Roch formula for vector 
bundles of rank n with trivial determinant (see for example [13J ) . When Y is the projective 
line we can show a more general Riemann-Roch type result for arbitrary Oy [G]-bundles. 

Interesting examples of bundles £ for which one can apply the Riemann-Roch formula 
are provided as follows. Suppose that q : X — > Y is a finite flat G-cover of the arithmetic 
surface Y; one can see that if the ramification of q is tame and J 7 is a G-equivariant bundle 
on X, then £ = ^(J 7 ) gives a Oy [G] -bundle on Y. Then x P (Y, £) is equal to the equivariant 
projective Euler characteristic y p (X, J 7 ) studied in jS], [TU] and other articles. The "cubic 
method" of |10] provides a very effective way of calculating such Euler characteristics but 
with the crucial limitation that G is abelian. Here we are allowing more general finite groups 
and so Theorem 10.11 adds significantly to the tools currently available for the calculation of 
such Euler characteristics. We plan to elaborate on such applications in the future. 

We will now give some more details about our techniques and discuss the proof of the 
Riemann-Roch theorem. 

Important input is provided by certain central extensions which are arithmetic versions 
of a standard construction in the theory of loop groups and infinite dimensional Kac-Moody 
Lie algebras. Suppose that R is a commutative ring and consider the formal power series 
ring R[[t]] and the Laurent power series ring R((t)) = i2[[t]][t -1 ]. We define a central 
extension 

(0.2) 1 -> Ki(#[G]) -> H(R((t))[G]) -> GL'(i?((i))[G]) -> 1 

where GL'(i?((i))[G]) is a subgroup of the infinite general linear group Gh(R((t))[G]) that 
contains the commutator E(i?((t))[G]). This central extension is provided via the choice of 
a determinant theory on R[[t]] [G]-lattices in R((t))[G] n for n > 1. This notion has been 
introduced by Drinfeld and Kapranov. Set Lq = R[[t]][G] n . Recall that a i?[[t]][G] -lattice L 
in R((t))[G] n is a projective i?[[t]][G]-submodule of R({t))[G] n such that t N L cLc t~ N L 
for some N > 0. For us, a determinant theory is a suitable functor from a category 
of i?[[i]][G] -lattices to the virtual category V(R[G]) of projective finitely generated R[G]- 
modules. We can construct a determinant theory as follows: First construct an OpiJG]- 
bundle £ (L) over the projective line P)j by gluing the (trivial) bundles corresponding to 
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the modules i?[t" 1 ][G] n over A^j = Spec(.R[i 1 ]) and L over A^ = Spec(i?[[t]]) using the 
identification L ®m[t]i R((t)) — -R[i _1 ][G] ri ® mt-i] R((t)) provided by the inclusion L C 
R((t))[G] n . Now we can consider the determinant of the cohomology complex in the derived 
category 

S(L) := det(RT(Pk,£(L)) 

as an object in the virtual category V(i?[G]). The association L \— > 5{L) gives a determinant 
theory. For g E GL' n (R((t))[G]) , we consider L = Lq -g^ 1 , so that 6(L) has g as a transition 
matrix along a formal neighborhood of t = 0. The central extension % n (i?((t))[Cr]) is a 
group with elements pairs (g, 4> g ) with (7 € GL' n (R((t))[G]) and </> ff an isomorphism between 
S(Lo) and <5(Lo ■ 9~ 1 )- (From the very definition of GL' n (R((t))[G]) there exists such an 
isomorphism. See §3.dl for details.) Now consider the direct limit as n goes to infinity to 
obtain (jG\2l) . 

By the universality of the Steinberg extension we obtain a map of central extensions 

1 -> K 2 (i?((i))[G]) -> St(i2((t))[G]) E(fl((t))[G]) -> 1 

(0.3) <9 1 9 1 I 

1 -> Ki(i2[G]) -> H(i?((i))[G]) -4 GL'(J?((t))[G]) -4 1. 

A first incarnation of the Riemann-Roch theorem in this case is the fact that d can be 
calculated using the tame symbol, in fact, d is equal to the inverse of the tame symbol 
when R is a field and G is trivial (see Proposition 13. 8|) . In fact, this statement is often 
regarded as a "local" Riemann-Roch formula, see [29]. 

We can use this to obtain an adelic Riemann-Roch formula for bundles over P 1 = P|. 
as follows. First we show, by using an equivariant version of an argument of Horrocks, 
that each Opi [G] -bundle £ of rank n over P 1 which is trivial along the section (1 : 1) in 
homogeneous coordinates can be obtained by gluing trivial bundles over Spec(Z[i]) and 
Spec(Z[i -1 ]) via a transition matrix g G GL n (Z[t, [G]). If the bundle has, in addition, 
degree 0, then the matrix g regarded in GL n (Q[i, i" 1 ] [G]) and in GL n (Z p [t, t" 1 ] [G]), for 
each prime p, lies in the subgroups GL^(Q[t, t" 1 ]^]) and GL^(Z p [t, t" 1 ] [G]) respectively. 
By definition, this means that the base changes 5{£ )q and 5(£)z p of the determinant of coho- 
mology 6(£) = det(Rr(P 1 , £)) are isomorphic, as elements in the virtual categories V(Q[G}) 
and V(Z P [G]), to the free rank n elements [Q[G] n ] and [Z p [G] n ]; suppose that aq, a p are 
choices of corresponding isomorphisms. The pairs (g, <xq) and (g, a p ) are then elements of 
Hn(Q((t))[G\) and H n (Z p ((t))[G]); these elements lift g considered in GL^(Q[t,t _1 ][G]) and 
G\j' n {'L p [t,t~ l ][G\) respectively. Both aq and a p induce isomorphisms between 6(£)q p and 
[Qp[G]] n ; by comparing them we obtain an element a~ l ■ oq of the automorphism group 
of [Q P [G] n ], i.e an element of Ki(Q p [G]). The class x P {^\£) ~ X P {^\0 P i[G] n ) coincides 
with the class of 5(£) in the class group C1(Z[G]); by the above, this can now be obtained 
as the class of the element Hp ^ 1 ' Q Q> ^ Tip Ki(Q p [G]). The local Riemann-Roch formula 
that relates the central extensions above via the tame symbol will now eventually lead to 
a proof of our main theorem for P 1 but this still requires a fair amount of work. Indeed, 
first, we need to show that the bundles we are considering have, after suitable changes of 
basis, elementary transition matrices and therefore also a well-defined second Chern class 
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(%(£)■ We also need to explain how to express a Steinberg cocycle that can be used to 
calculate 02(E) in terms of the original transition matrix g; notice that g itself might not 
be elementary. 

The notion of elementary structure is, as it turns out, quite subtle. Observe that the tran- 
sition matrix is elementary when the class [A %r?j ] in Ki(Oy j% ^. [G]) is trivial. Therefore, 
examining when adelic transition matrices are elementary involves the consideration of K4- 
groups of group rings with coefficients in certain p-adically complete rings, as are some 
of the multicompletions considered above. For this we need to use the results of [9]. In 
particular, we can see that our notion of elementary structure is appropriately restrictive; 
for example, our considerations show that any Cpi [G]-bundle which is trivial along (1 : 1) 
and has zero degree has an elementary structure. Considering these multicompletions also 
necessitates that we develop certain "p-adically completed" variations of the central exten- 
sion (|U.2|) ; for example, we need such extensions for group rings with coefficients in the 
p-adic completion Z p {{i}} = jim ^Z/p"^^) of Z p ((t)) or in the two-dimensional local field 

Qp{{*}} = Q P ®TL V %p{{t}}- 

The above gives the rough idea of the proof of the Riemann-Roch theorem for Y = P . 
To obtain the main result for an 0y [G]-bundle £ on a more general (regular) arithmetic 
surface Y — > Spec(Z) we argue as follows: By work of B. Green, there exists a finite flat 
morphism it : Y P , we use pushforward by it to reduce the proof to the case of P 1 . The 
fact that, as we assume, £ has elementary structure does not imply that this is also the case 
for 7r*(£); this complicates the argument. However, we can still find a simple bundle V with 
induced G-action so that the direct sum 7r*(£) © V is an O-pi [G] -bundle with elementary 
structure on P 1 . We now explicitly relate Steinberg cocycles that compute the second Chern 
class of £ with corresponding Steinberg cocycles that compute the second Chern class of 
tt*(£) © V on P 1 and there is a resulting identity (Proposition 18. 6p that relates the second 
Chern classes of £ and of tt*(£)(B V. This identity can be viewed as an adelic Riemann-Roch 
formula for the finite flat morphism it. These considerations allow us to reduce the general 
case to the case Y = P 1 which is handled as explained above. 

Our definitions of the second adelic Chern class and of the Gysin map were initially 
inspired by the work of Parshin in [12], [13] and of Osipov in [39] . The reader can also find 
similar or related constructions in the work of Hiibl-Yekutieli [28] and Morrow [M] . Let us 
remark here that although our main interest in this paper is to the case of bundles for a group 
ring, our techniques can also provide interesting new results when the group G is trivial and 
even in the context of these references. Indeed, the current paper also contributes to the 
theme of refined Riemann-Roch type theorems; examples of such theorems are Deligne's 
functorial Riemann-Roch theorem for relative curves [T3|, or the second author's integral 
Grothendieck-Riemann-Roch theorem [51]. For example, we can consider vector bundles £ 
over an arithmetic surface Y — > Spec(i?) where R is a Dedekind ring with finite residue fields, 
as is the ring of integers of a number field. Our methods can then be used to show an adelic 
Riemann-Roch theorem for / : Y — > Spec(i?) and £ by factoring / as a composition of a 
finite flat morphism it : Y —> Pjj with the projection h : P)j — > Spec(R) and proving as above 
Riemann-Roch identities for tt and h. This is an alternative to Grothendieck's strategy of 
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proving Riemann-Roch by factoring / as a composition of a closed immersion followed by a 
projective bundle. The details will appear elsewhere. Indeed, it seems that Grothendieck's 
technique cannot be easily adapted to show an adelic Riemann-Roch theorem. However, 
it is plausible that, for higher dimensional varieties, an approach as above which starts by 
using [8] that provides a finite flat morphism to projective space could work instead. 

We will now briefly describe the structure of the paper. In §1, we explain the theory of 
higher dimensional adeles of Beilinson and Parshin and give examples of the corresponding 
multicompletions for the case of arithmetic surfaces. In §2, we give the definitions of the 
adelic Chow groups. The constructions of the central extensions (|0.2p and of its p-adically 
complete variants are given in §3. In the same paragraph, we also show that the corre- 
sponding maps d (resp. d in the p-adic variant) in (|U.3|) are given via the inverse of the 
tame symbol (resp. of Kato's residue symbol). In §4, we define the pushdown maps /* 7?07?l772 
and show that they induce a Gysin map /* between the adelic Chow groups as above. In 
§5, we explain the formalism of adelic transition matrices and give the definition of the first 
adelic Chern class. The notion of elementary structure and the definition of the second 
adelic Chern class for bundles with elementary structure is given in §6. In §7 we state the 
main theorem and in §8 we explain the reduction of the proof to the case of bundles over 
P 1 by working with pushdown along a finite flat morphism Y — > P . Finally, the proof of 
the adelic Riemann-Roch identity for bundles over P 1 occupies §9. 



1. Beilinson-Parshin adeles on a surface 

l.a. Parshin tuples and multicompletions. In this section we will let Y be an irre- 
ducible separated Noetherian scheme of dimension d. We will recall the theory of adeles 
for Y developed by Parshin and Beilinson; see [12], [13], [2J, [27], [SU] and the useful survey 
[35] for more detailed accounts. 

Following [2J, let P(Y) be the set of points of Y. If 77,77' G P(Y) we will say that 77 >rf 
if 7/ is a point on the closure 77 of 77. Let S(Y) be the simplicial set associated to P(Y) 
and this order relation. Thus the n-simplex S(Y) n is the set of all Parshin n + 1-tuples 
(77(0) , . . . , 77(77)) of points on Y, these being ordered sequences of n + 1 points in P(Y) such 
that 7/(0) > r/(l) > • • • > 77(77). We will call such an n + 1-tuple degenerate if r)(i) = 77(7 + 1) 
for some i; otherwise it is non-degenerate. We will use the convention that a subscript on 
a point indicates its codimension on Y. Thus 770 is the generic point. The Parshin 1-tuples 
thus have the form (7^) for some < i < d, the Parshin 2-tuples have the form (rji,r]j) for 
some < i < j < d, and so on. 

Suppose K n is a subset of S(Y) n and that 77 is a point of Y. Let O v = Oy,n be the local 
ring of Y at 77, with maximal ideal = my». Let j„ : Spec(O^) — > Y be the natural 
morphism of schemes. If M is a module for 0„, we also use M to denote both the quasi- 
coherent sheaf M. on Spec(O^) associated to M and the quasi-coherent sheaf {j n )*{M) on 
Y . In particular, the support of M as a sheaf on Y is contained in the closure rj of 77. Define 



(1.1) r,K n -! = {(7?(1), r?(2), . . . , 77(77)) G S(Y) n -i : (77, 77(1), . . . , 77(77)) G K n }. 
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Definition 1.1. As n and K n vary, there is a unique family of functors A(K n ,») from 
the category of quasi- coherent Oy -modules to the category of abelian groups for which the 
following is true: 

1. A(K n ,») commutes with direct limits. 

2. Suppose M is a coherent Oy -module. 

a. If n = 0, then 

(1.2) A(K n , M) = A(K , M)= H lim(M ® Dy (O v /m e v )). 

b. If n > 0, then 

(1.3) A(K n ,M)= H ]imA( r ,K n -.i,M®Oy(O v /mZ l )). 

r?GP(Y) 1 

A subtlety in this definition is that the sheaf M ®o Y (Crj/' m v) appearing on the right 
side of (|1.3p will not in general be coherent. Thus one must calculate the value of A^Kn, •) 
on the latter sheaf by taking an inductive limit. 

When K n = {(77(0), . . . , n(n))} consists of a single non-degenerate Parshin chain of length 
n + 1 and M = Oy , we will denote by 

(1-4) OY,r)(Q)r)(l)---r)(n) = M K u,Oy) 

the corresponding multicompletion of Oy- 

l.b. Examples of multicompletions. Suppose here that K n = {(77(0), ... ,77(71))} con- 
sists of a single non-degenerate Parshin chain of length n + 1. Let Spec(i?) be an open affine 
subset of Y which contains r/(0). Then, for all i, ij(i) corresponds to a prime ideal of R. 
Suppose a and p are ideals of R, p is prime and that N is an i?-module. As in [271 p. 250], 
let S^N be the localization of N at S p = R - p and define C a N = limN/a n N. 

n 

The following result is shown by Huber in |27l Prop. 3.2.1]. 

Proposition 1.2. Let M be a quasi- coherent Oy -module, and suppose that the restriction of 
M to Spec(R) is the sheaf associated to the R-module N . Then C V ^S~^ . . . C V ^S~^R = 
B is a flat Noetherian R-algebra, and there is a natural isomorphism 

(1.5) A(K n ,M) ^B® R N. 

If M is coherent, so that N is Noetherian, one has 
(1-6) A(K n , M) - C m S~l 0) . . . C v{n) S^ n) N. 

We now specialize further to the case in which M = Oy as in (jl.4p . 

l.b.l. Some Parshin chains of length 1. We suppose in this subsection that n = and 
K n = Kq = {(??(0))} for a point 77(0) = 77^ of codimension i on Y. Then (jl.6p shows that 

Cy,»?(o) = = C m S~. R 
is the completion of the local ring Oy,^ at the powers of its maximal ideal. 
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We now suppose further that Y is irreducible, normal and flat over Z, and that rji = r/i 
has codimension 1. Then Oym 1S a complete discrete valuation ring (dvr) of characteristic 
with residue field k(r]i) given by the function field of the irreducible divisor 171. Let t be 
a uniformizer in . 

If 771 is horizontal then k(rji) has characteristic and transcendence degree dim(y)— 2 over 
Q. In this case Hensel's Lemma shows there is an algebra homomorphism k(r]i) — > Oy tTll 
which is a section of the residue map — > k(r]i) and that Oy fll is isomorphic to the 
formal power series ring fc(?7i )[[£]] • 

Suppose now that 771 is vertical, and let p be the prime of Z determined by rj\. Recall 
that if A — > B is a local homomorphism between two local Noetherian rings such that B 
is complete and flat over A and B/thb is a separable extension of A/tua, then B is called 
a Cohen algebra over A. By [221 Chap. 19.7.2], B is determined by its residue field 

B/rriB if m# = Bitia- We have assumed Y is flat over Z. Hence if pB = tub then B = Oy^ 
is the Cohen algebra over A = 7L V associated to k(j]\). The statement that pB = is 
equivalent to the statement that the closure of rji has multiplicity 1 in the fiber of Y over p. 
In this case, one can describe Oy tVl explicitly by choosing a set theoretic section s for the 
residue map Oy, Vl —¥ k{r]i). Using s and t one can identify elements of Oy fll with formal 
power series in t with coefficients in k(rji). The addition and multiplication laws of such 
series are then determined by the choice of t and s. 

l.b.2. Some Parshin chains of length 2. We suppose in this subsection that n = 1 and 
that Y is regular, quasi-projective and flat over Z. As a result, all the local rings of Y are 
excellent. Let K n = {(77(0), 77(1))} consist of a Parshin chain of length 2. If r/(0) is the 
generic point i]q of Y, then 77(1) may be a point rji of arbitrary codimension i > 1. The 
functor C Vo is the identity functor, so (|1.6p shows 

0^(0)77(1) = °Y,rioVi = ( K ( Y ) ~ {0})~ lc, Y,% 

where K(Y) is the function field of Y . 

The other case in which n = 1 which will be relevant to us is when, in addition to the 
above assumptions, Y is of dimension 2, 77(0) is a codimension 1 point 771 on Y and 77(1) 
is a closed point 772 on the closure of 771. The local ring Oy m and its completion Oy m 
are then two-dimensional UFD's. A local equation m G CVm f° r Vi factors in Oy m into 
the product tt\ = uJX£=i t b a of a unit u G Oy m together with positive integral powers of 
non-associate irreducibles t a € Oy m . These t a define the analytic branches at 772 of the 
closure of 771. Notice that since Oy m j(T\\) is a reduced excellent local ring, the same is 
true for its completion which can be identified with d Y>m /{m) = Oy >V2 / {Ha=i *a )■ This 
implies that b a = 1, for all a, and we have 

m 

(1.7) Ki = u]Jt a . 

a=l 

Let B a be the discrete valuation ring which is the completion of the localization of Oy j7]2 
at the codimension one prime ideal generated by t a . Let p > be the residue characteristic 
of 772. The residue ring R a = Oy jT)2 /(t a ) is a complete local integral domain of dimension 
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1 with finite residue field £(772) of characteristic p. The fraction field of R a is the residue 
field k{B a ) of B a . We will also use the notation k(r)i >a ) for k{B a ) in order to emphasize 
its dependence on 771. The integral closure R' a of R a in k(r]i ta ) is finite over R a , Hence 
tR' a C R a for some / t £ R a , so since Rot I Ret t is a finite ring, a power of the radical of 
R' a lies in R a . Thus R' Q is complete with respect to the powers of its radical because R a 
is complete. It follows that R' a is local because it is an integral domain. We conclude that 
R' a is a complete discrete valuation ring with finite residue field. Thus k(B a ) = k(j]\ a ) is a 
local field of dimension 1 with finite residue field. We distinguish two cases: 

• rj\ is horizontal: Then k(rfi >a ) is isomorphic to a finite extension of Q p . By Hensel's 
Lemma, B a is isomorphic to the formal power series ring Q p (771 <*)[[£«]]■ 

• rji is vertical: Then fe(r/i a ) is the completion of a global function field at a closed 
point. Let t be an element of B a which has image equal to a uniformizer t in the 
discretely valued field £(771,0). Then k(rn tCC ) is isomorphic to the Laurent formal 
power series field £(772) ((*))■ 

Lemma 1.3. Suppose 771 is vertical. The maximal ideal B a t a of B a equals B a p if and only 
if 7/1 occurs with multiplicity 1 in the fiber of Y over p. In this case, B a is isomorphic to 
the Cohen ring over Z p having residue field k(rj2)((t)). This is true, in particular, if the 
fiber of Y over p is smooth. 

Proof. In Oy r l2 one has a factorization 

3 

(1.8) p = v .\[^ 

i=l 

in which v € Yrj2 is a unit, j > 1, 7Ti is our chosen local equation for 771 and the 7Tj are 
non-associate irreducibles. The multiplicity of 771 in the fiber of Y is 1 if and only if p is a 
uniformizer in the local ring Oy tVl = (Oy, V2 ~ Oy^T^i) Oy >r)2 . This is the case if and only 
if 01 = 1. If 2 < i < j then Oy fl2 /(7ri, 7Tj) is a finite discrete quotient of Oy m , so (iti, 7Ti) 
contains a positive power of the maximal ideal of Oy^ 2 . Hence Oy tV2 /Oy tV2 (TTi, iTj) is finite, 
so (|1.7p implies 7Tj has valuation in B a when 2 < i < j because Oy^ 2 l<Dy^ 2 t a is infinite. 
Thus (jl.7p and (|1.8|) show that p has valuation a\ with respect to the discrete valuation of 
Oy m associated to a. Thus B a t a = B a p if and only if a\ = 1, and this proves the first 
assertion in Lemma ll.31 The second is a consequence of the results about Cohen rings cited 
in S jl.b.ll The last assertion is clear from the first. □ 

We can make the isomorphism in Lemma 11.31 more explicit in the following way. Define 
W(k(j]2)) to be the ring of infinite Witt vectors over the finite residue field £(772). Let 
W(k(r/2)){{t}} be the ring of all doubly infinite formal power series 

00 

a n t n 

n=—oo 

in which a n G W{k{j]2)) and linin^-oo a n = in the p-adic topology on W(k(rj2)). Viewing 
£(772) as a finite subfield of the residue field k(j]2)((t)) of B a , we can take Teichmuller lifts 
of elements of £(772) to B a via the usual limit process. This produces a canonical algebra 
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embedding of W{k{rj2)) into B a . There is then a unique topological ring isomorphism from 
W(k(r]2)){{t}} to B a which extends this embedding and sends t to itself as an element of 
B a . 

We now return to the more general case in which we assume only that n = 2, Y is regular, 
quasi-projective and flat over Z of dimension 2, 77(0) is a codimension 1 point 771 on Y and 
is a closed point 772 on the closure of 771. 

Lemma 1.4. With the above notations, the ring homomorphism \i 

in 

(1-9) Oy^rtil) = Oy, mm = C^S'^Oy^ J -Bq 

a=l 

resulting from 111.6)) is an isomorphism. If rji is horizontal we have 

m m 

(1-10) nfi«^0Qpfaa)[[ta]]- 

Suppose i]i is vertical and has multiplicity one in the fiber of Y over p. Then 

m m 

(1-n) n B «-©^M){fe}}- 

Proof. Statements (|1.1U|) and follow from (|1.9|) and the above computations of the 

B a . To show (|1.9p it will suffice to prove the following. Fix a, and let T a and f3 a be 



elements of Oy m such that j3 a B a t a . Then T a //3 a defines an element r a //3 a of the residue 
field k(B a ) of B a . It will suffice to show that there is an element of the image of /j whose 
component at B a has image T a /f3 a in k(B a ) and whose component at B^ for k 7^ a is a 
non-unit. The element 

m 

2 = t k 

of £V,i)2 has non-zero image z in the one-dimensional local ring R a = OY^/taOy,^- Since 
the image of the ring Oy m in the completion Oy tV2 is dense, there is an element w G Oy m 
such that w and /3 a z generate the same ideal in R a . Thus there is an element u € Oy^ 2 
whose image in R a is a unit such that wu and j3 a z have the same image in R a . This ti must 
be a unit of Oy m . Now to has non-zero image in R a , so id must be an element of Oy I??1 
which is not in the maximal ideal of Oy^ x . Thus w~ 1 u~ 1 r a z lies in S~^Oy :rj2 and has image 
T a /(3 a in k(B a ) = Frac(-R a ). Now w _1 n _1 r a z 6 Oy mV2 because of the second equality in 
(jl.9p . so we have constructed the desired element. It follows that (jl.9p is an isomorphism. 

□ 

l.b.3. Some Parshin chains of length 3. The last special case we will discuss is when Y is 
regular and integral of dimension n = 2. Let K2 = {(r/(0), 77(1), ry(2))} = {(770, 771, 772)} with 
77(0) = 770 the generic point of Y, 77(1) = 771 a codimension 1 point and 77(2) = 772 a closed 
point on the closure of 771. We find from (I1.6P that 



C 1 - 12 ) Oy,i,(0)))(l)))(2) = CV,??or7U72 = (-^00 ~ {°}) 1C V,J?i?72 
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where Oy tViri2 is a product of discrete valuation rings B a of the kind described above for 
the pair (771,772)- Since a uniformizer in B a divides the image in B a of an element of K(Y), 
we find that that Oy fl(ffll , 2 is the product of the fraction fields of the B a . 

l.b.4. Base extensions. In this section we suppose that h : X — s> Y is a finite flat morphism 
of regular projective connected flat schemes over Z of dimension 2. Let [X : Y] be the 
degree of h. Then h induces a map of simplicial sets h : S(X) — > S(Y). The following result 
will be used in SJHJ 

Proposition 1.5. For all Parshin chains 77 in S(Y), the homomorphism Oy — > h*Ox of 
sheaves of rings gives an isomorphism 

(1.13) Ox ®O y ®Y,r, -> ®ri'£h- 1 (r ! )^ > X,ri' 

of free Oy .^-modules of rank [X : Y\. 

Proof. Suppose first that 77 = 77(0) consists of a single point of Y. Then Oy )V is just the 
completion Oy tV (o) of Y at 7/(0), so (|1.13p is clear from the fact that h : X —¥ Y is finite and 
flat of degree [X : Y]. 

Suppose next that fjl . 131) holds for some 77 = (77(0), 7/(71)) and that 7/(0) is not 
the generic point rjy of Y . We now show (|1.13p holds when 7/ is replaced by rf = 
(ny, 7/(0), . . . , 7/(77.)), where h~ l (j]*) = {(rjx, 7 ]') '■ v' e ^-~ 1 ( 7 7)}- By Proposition 11.21 

6y^ = K(Y) ®o Y Oy v 

when K(Y) = Oy^ Y is the function field of Y . Thus since we assumed (11. 13ft is an isomor- 
phism, 

X ®0 Y Oy^ = K(Y)®o Y (Ox®0 Y 6y, v ) 

(1.14) = ©^h-ifo) (K (X) ®o x 6x, v ) 

= ®rr'&h-^{r 1 *)°X,- n *' 

which proves (|1.13p for 77*. 

To complete the proof it will now be enough to consider the case in which 77 = (771,772) 
for some codimension i points 77^ such that 772 lies on the closure of 771. By (II. 9j) . we have 
an isomorphism 

(1.15) 6y iV = Y[B a 

a 

where a runs over the irreducible factors in Oy^ 2 of a local equation 7ri for 771 in Oy t7]2 (as 
in II. 7p , and B a is the dvr which is the completion of the local ring of Oy tV at the valuation 
associated to a. 

We obtain the Parshin chains ?/' = (771,7/2) in /i _1 (t/) by first taking the points ?/ 2 € 
h~ l {ri2) and by then considering the factorization of tt\ in the local ring D Oy fl2 in 

order to find the 7/^ lying over 771 which contain 772 in their closure. Here 

(!-16) O x ®o Y Oy m = e V2eh -i( V2 )Ox, V2 - 
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For each irreducible factor a of tt\ in 0y m we consider the factorization of a into a 
product of irreducibles in Ox,rf f° r 7 ?2 ^ h~ (772)- These irreducibles give via (|1.9j) with V 
replaced by X the dvr summands of each ring Oxtf as V = W > ^2) runs over the elements 
of h~ l (ri). We see from this that the natural ring homomorphism 

Ox ®o Y O y , v = Ox ®o Y ([[ B ») 
is the direct sum over a of the homomorphisms 

(1-17) li a : Ox ®Oy -»• ©a'S;, 

where a' ranges over the irreducible factors of a in Oxtf as ^2 ranges over the elements of 
h~ l (ri2), and where .B^, is the completion of Ox^' 2 with respect to the discrete valuation 
associated to a'. To complete the proof of Proposition 11,51 it will suffice to show that (jl,17p 
is an isomorphism. 

From (|1.16|) and the fact that X is flat and finite over Y we conclude that the sum 
(1-18) ®^eh-ife) Frac (^x^) 

of the fraction fields of the summands on the right side of (11,160 is an etale algebra of 
dimension [X : Y] over the characteristic field Frac(Oy. r?2 ). The ring B a is the completion 
of the discrete valuation ring of Frac(CV )J?2 ) associated to a. The rings B' a , on the right 
side of (|1.17p are the completions of the discrete valuation rings of the summands in (jl,18p 
at extensions of the valuation associated to a. Thus by the theory of discrete valuations 
in finite separable extensions of fields, we see that the right hand side of (jl,17p is a free 
-B Q -module of rank [X : Y] . The left hand side of (jl,17p is a -B a -module which is generated 
by less than or equal to [X : Y] elements since Ox is a locally free Oy-module of rank 
[X : Y]. Thus to show that (jl,17p is an isomorphism it will suffice to show that if w is an 
element of the residue field k(a') of a summand B' , on the right side of (jl,17p . then there is 
an element of the image of [i a whose component at a' is congruent to w mod the maximal 
ideal of B' , and whose component in any other summand B' „ appearing on the right in 
(|1.17p is in the maximal ideal of B' „ . 

We know that there is a closed point r]' 2 lying over 772 such that a' is an irreducible factor 
of 7Ti in Ox,n' 2 an d B' a , is the completion of the localization of Ox^' 2 a t the discrete valuation 
associated to a'. Thus there are elements t, s G O x>r1 ' such that s O x , v ' 2 ' a> anci w = t/s 
in k(a'). By multiplying both t and s by the product of a set of representatives for the 
irreducible factors a" of tt\ in Ox^' 2 which are not associate to a' , we may assume that t 
has image in the maximal ideal of B ' „ for all such a" . 

The factorization of s in the UFD Ox,n' 2 does not involve a', but it might involve some 
other irreducibles a" which are irreducible factors of ix\. However, if a" is such an irre- 
ducible, then a" +a' is congruent to a" mod Ox, v ' 2 ' a> but riot congruent to mod Ox,rj 2 
We can therefore replace each appearance of an irreducible of the form a" in the factoriza- 
tion of s by a" + a' so as to be able to assume that s Oxtf 2 ' a " f° r an irreducible factors 
a" of 7Ti in Xt ri 2 (including a" = a'). Since these a" define all the discrete valuations of 
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Ox,rj' 2 which lie over the discrete valuation of Oy tV2 associated to a, we conclude that 

g = Norm,A ,a (s) 

is an element of Oy fl2 which does not lie in Oy fl2 • t a . When we view g as an element of 
Ox,r)' 2 i it does not lie in Ox,r)' 2 ' a> an d it is a multiple of s. Thus w = t/s = t'/g in k(a') 
where t 1 = t{g/s) € ®xtf ■ ^ n view of the isomorphism (|1.16p . we can now find an element 
q of Ox ®o Y ^Y,ri2 whose image in is equal to t' and whose components in O x ^> is 

if rj' 2 lies over 772. It follows that the image of q/g under the map /j, a in (j!.17[) has 
the prescribed image w in the residue field k(a') of the summand corresponding to a' and 
image in the maximal ideal in all the other summands. This completes the proof. □ 

I.e. Adeles and cosimplicial structure. The construction of the adeles associated to 
the structure sheaf Oy does not play a major role in this paper. However, we include this 
subsection since it will pave the way for the crucial construction of the K2-adeles associated 
to Y. 

Recall that S(Y) is the simplicial set associated to the set P(Y) of all point of Y and the 
order relation defined by 77 > r( if 77' is a point on the closure rj of 77. The n-simplex S(Y) n 
is the set of all Parshin n + 1-tuples (77(C)), . . . , 77(71)) of points on Y, these being n + 1-tuples 
such that r/(0) > 77(1) > • • • > 77(71). We define the n-dimensional adele group of Y to be 

A' Y (n) = A(S(Y) n ,0 Y ) 
in the notation of Definition ll.il From this definition we see that there is a natural inclusion 

(1.19) A Y (n) -> Ay (n) = J] 6 Y , m 

where the product extends over all Parshin n + 1-tuples r]i := {r]i , ■ ■ ■ ,Vi n } onY. 

Suppose I = (iq, . . . ,i n ) is an ordered subset of J = (jo, . . . ,j m )- From Proposition 11.21 
we have a natural map 

r/ : 6 Y , m -> 6y, Vj . 

The maps r/ may be used to endow the various multicompletions of Y with a cosimplicial 
structure. 

If we now specify that / = (jo, • • • ,ji k , ■ ■ ■ ,jm) (so that n + 1 = m), then we define the 
coboundary map 

Ay (m — 1) Ay(m) 
by stipulating that for a £ Oy^j, d m -\(a)j = (— l) fc r/(a). This then gives us a complex 

A y : Ay(0) Ay(l) ••• ^> ky(d) 

when d = dim(y). There are degeneracy maps induced by mapping the Parshin cycle 
(Vio » • • • ? Vim-i ) of length m to the Parshin cycle (77^ , . . . , rj ik , rj ik , . . . , r\i m _ x ) of length m + 1. 
By |27} §2], the inclusion (11.190 gives a complex 

(1.20) A y : Ay(0) Ay(l) A ■ ■ ■ ^4 A'y(d) 
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which we will call the adelic complex of Y and which has degeneracy maps defined in the 
above way. 

When there is no confusion, we will also use the symbols Ay and Ay to denote the 
complexes defined as above but using only non-degenerate Parshin cycles . . . , 7/t m _ 1 ) 
in which the r/j. are all distinct. Omitting such degenerate cycles does not effect the coho- 
mology of the complexes we consider - see the remark after (1) on page 179 of |42j . 

l.c.l. We conclude this section by considering the case in which Y is a regular integral 
scheme of dimension 2. We will recall from |42| the local conditions on elements Ay (2) 
which are necessary and sufficient for these elements to lie in Ay (2). This motivates the 
definition of K2-adeles to be given in the next section. 

Recall that K (Y) denotes the function field of Y, so that K(Y) may be identified with 
the two sheaves of rings on a point Oy,™ and Oy^ a . We start by considering a Parshin 
triple (770, rji, 772) on Y and we recall that Oy :Vom = K(Y) ■ 6 Ym . We write Oy^lvT 1 ] for 
the subring of elements in Oy m ^ which are regular off the curve r}\ and denote by v Vl the 
valuation of K(Y) that corresponds to rj l . 

We let v mm denote a discrete valuation on Oy^ xrfl corresponding to one of the components 
(branches) as in Lemma 11.41 and let pr;^ denote the corresponding prime ideal of CV,„ 1I?2 . 
We then identify Ay (2) with the restricted direct product 

A'y(2) = II Oy )Wir?2 C Ay(2) = H OY,rio V1V 2 

consisting of all elements of Ay (2) whose terms (fnomm) with 

satisfy the following two properties (cf. page 179 in [42]): 

PI. (Adelic Property 1) There exists a divisor D on Y such that for each codimension 
one point 771 on Y, each 7/2 < 7?i (and each branch of 771 at 772) we have 

P2. (Adelic Property 2) Suppose that 7/1 is a codimension one point on Y. Then for any 
positive integer k, for all but a finite number of 772 ° n Vi> we have 



2. Equivariant adelic Chow groups 

2. a. Generalities. For I > and for a ring S we let ~Ke(S) denote the ^-th K-group of the 
ring S. For a two-sided ideal A of S we set S = S/A for the quotient ring. Recall from |32j 
Theorem 6.2] that we have the long exact sequence 

K 2 (S,A) -> K 2 (S) -> K 2 (S) -> K!(S,A) Ki(5) -> 

^ Kx(5) -)• K (5M) -> K (5) -»■ K (5). 
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Recall that Ki(S,A) may be described as the quotient group 

where GL(5, A) is the subgroup of elements in the full general linear group GL(S') which are 
congruent to the identity mod A and E(5, A) is the smallest normal subgroup of GL(5) 
containing the elementary matrices ey(a) for all a € A. (See for instance page 93 in [46J.) 

2.b. rQ-adeles of arithmetic surfaces. We suppose in this section that Y is an irreducible 
regular flat projective scheme over Z and that £ is either 1 or 2. We now make the following 
important definitions (cf. Definition 10 on page 719 of [39]): 

Definition 2.1. a) We define 

K e (A Yfil2 [G]) = J] Kt(d Y>vomm [G]) 

V0V1V2 

where the product is over all non- degenerate Parshin triples. 

b) For < i < j < 2 we define (Ay^ [G] ) = W Tjirjj K«(^i / ,i) ! % \G\) where the product 
is over all non- degenerate Parshin pairs consisting of a codimension i point rji and 
a codimension j point rjj < r]i . 

b) For < i < 2 we define K^(Ayj[G]) = Yl^ K^Oy^JG]) where the product is over 
all points rji of codimension i. 

Definition 2.2. a) We define K^(Ayoi2[G]) to be the restricted product 

K' e (A Yfil2 [G]) = H'K e (d Y , VQVlV2 [G]) 

consisting of elements {^rmmm) as (t?o, 77i, ?72) ranges over all non- degenerate Parshin 
triples for which ^ ow , 2 

Ywq\r)2 [G]) satisfies the following two properties: 

(PK1) Almost all r/i have the property that fc^ 07?1??2 G K e (d Y)r]ir]2 [G}) 1 ' for all m < rji, 
where K^(Oy )r?17?2 [G]) 1, denotes the image of Ki((D Y ^ ir]2 [G]) in Ki(O Y ^ 0VlT12 [G]). 

(PK2) Given i]\ and a positive integer k then for all but a finite number of closed points 
1)1 oni) x 



KVOVIVI G MOY, V1V2 [G],p k mr J ■ K e (d Y , V2 [ Vl ^[G]) 



where Oy^iVi 1 ] denotes the subring of elements in 6 Y „ orj2 which are regular 
off the curve rj l . 

(Note that these properties parallel the restricted direct product conditions (PI) and 
(P2) at the end of gT3 ) 

bl) We define K^(Ay i[G]) to be the subgroup of elements (^ om ) £ Yl K^(Oy j??0I?1 [G]) 

with the property that k V0V1 G K^(Oy m [G\f for almost all rj\. 
b2) We define K^(Ayi 2 [G]) = IQ(Ay )12 [G]) = ]J m K e (d Y , mm [G]), i.e. we impose no 

restriction in this case. 



18 



T. CHINBURG, G. PAPPAS, AND M. J. TAYLOR 



b3) We define K^(Ay 02 [G]) to be the subgroup of K e (A Yfi2 [G]) = \[ m Ki(O Y , V0V2 [G]) 
consisting of x = (x r]oV2 ) m with the following property: There is a divisor D C Y 
(that could depend on x) such that: For all r\2, x^^ is in K e (d Y , V2 [D- l ][G]f where 
Oy m [-D -1 ] is the subring of Oy m r\% consisting of elements which are regular off D. 
c) We define K^Ay^G]) = K^Ay^G]) = Yl K^Oy^ [G]), i.e. we impose no restric- 
tion. 

Remark 2.3. The group K^(Ayjj[G]) maps diagonally to K^(Ayoi2[G]). We can see that 
the image K^Ay^lG]) is actually a subgroup of the restricted product K^Ayo^G]). This 
is not necessarily true for the images of K^(Ayoi[G]) and K^Ay^fG]). 

2.c. The adelic Chow groups. 

Definition 2.4. For t € {1,2} ; the l-th equivariant adelic Chow group is defined to be 

(2.3) CHiMO]) = - ML , 

llo<i<i K n A ^4GJ) p 

(2.4) CH A (Y[G]) - rW^P^lGj? 

where again, the superscript b denotes the image of the corresponding group in the unre- 
stricted product Yl mm Ki(Oy w??1 [G]), resp. X[ mr]im K 2 (d Y , V0Vim [G]) ■ 

Remark 2.5. a) In the case of CH^(Y[G]), both numerator and denominator are sub- 
groups of n^orji Ki(CV,?7o?7i[G]). In the case of CH| (Y[G]), they are both subgroups of 
[G]). 

b) If G = {1} and Y is a smooth algebraic surface over a field, we have an isomorphism 
CH^(y) Pic(y). We can also see using [39] that, in this case, there is a natural group 
homomorphism CH 2 (Y) — > CH^(Y). Here CH 2 (Y) denotes the classical Chow group of 
algebraic cycles of codimension 2 on Y. However, it is not clear that this is an isomorphism 
since the definition of the adelic Chow group in [39] is somewhat different. Nevertheless, 
we conjecture that this is the case. 

2.c.l. Here we recall Frohlich's adelic description of the class group of a group ring; for 
details see |49| and [T7]. We define C1(Z[G]) to be the kernel of the extension of scalars 
map ker(K (Z[G]) -> K (Q[G])). By [38], this coincides with the subgroup K^ cd (Z[G]) of 
K (Z[G]) generated by elements of the form [M] - rank(M) • [Z[G]]. Then from Ch. I Sect. 3 
in [4j5] and Ch. II Sect. 1 in [17] we know that, there is a natural isomorphism 

(2 5) d(Z\G\) - ]lp K i(Qp[G])) 

( } ( [ J) " Ki(Q[G]) b n p K i( z p[G]) b ' 

Here: Ki(Z p [G]) b denotes the image of Kx(Z p [G]) in Ki(Q p [G]); the restricted product 
Y[' p Ki(Qp[G]) in the numerator consists of elements almost all of whose terms lie in the 
subgroup Ki(Z p [G]) b ; and K x (Q[G]) b denotes the image of K X (Q[G]) in n'Ki(Q p [G]). Now 
notice that we can interpret the right hand side of (j2.5[) as CH^(Spec(Z)[G]) (see Definition 
E3]). Hence, we obtain an isomorphism C1(Z[G]) ^ CH^(Spec(Z)[G]). See also SJOJ 
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2.d. SK4 of p-adic group rings. 

2.d.l. Throughout this subsection R will always denote a commutative ring which is an 
integral domain with field of fractions N of characteristic zero, and N c will denote a chosen 
algebraic closure of N. We define the group SKi(i?) to be the kernel of the group homo- 
morphism Det : Ki(i?) — > K\(N C ) = (iV c ) x induced by ring extension. We recall from |12} 
45.12, p. 142] that if R is in addition local, then SKi(i?) = {1}. 

Lemma 2.6. For any field N of characteristic zero and for an indeterminate t we have 

SK 1 (N[t,t~ 1 ]) = {l}. 

Proof. In ^9. b. 21 we show that Det is injective on Ki(N[t,t~ 1 ]). □ 
We also refer to [H Prop., p. 354] for the proof of the following: 

Proposition 2.7. (Block) If R is a local Noetherian domain and f € R is such that the 
localization Rf is regular, then SK\(Rf) = (0). 

Corollary 2.8. // Rs is the localization of a local Noetherian regular domain R at an 
arbitrary multiplicatively closed subset S of R — {0}, then we have SK\(Rs) = (0). 

2.d.2. We now consider the case of group rings and we again denote by Det the map 

(2.6) Det : Kx(R[G]) -> Ki(iV c [G]) = © x (iV c ) x 

where the direct sum extends over the irreducible A rc -valued characters \ °f G. We write 
SKi(i?[G]) = ker(Det), so that we have the exact sequence 

(2.7) 1 -> SKi(i?[G]) -)• Kx(R[G]) -> Det(Ki(i2[G]) -»• 1. 
We also define SL(i2[G]) to be the kernel of the composite homomorphism 

(2.8) SL(R[G]) = ker (gL(R[G\) -> Ki(R[G]) ^ Ki(iV c [G])) . 

Clearly E{R[G}) C SL(R[G]) and we have the equality E{R[G}) = SL(R[G}) precisely when 
SKi(JR[G]) = (1). Recall that if R is the ring of integers of a p-adic field, then SKi(R[G]) 
is completely described in Oliver's papers, see [55] . 

2.d.3. Suppose now in addition that R is a dvr with maximal ideal p and uniformizer tt. 
Let N, resp. R, denote the p-adic completion of the fraction field N, resp. R. We denote 
by SL(R[G],p m ) the subgroup of SL(R[G]) consisting of matrices which are congruent to 
the identity modulo p m . 

Recall that we say that the group algebra N[G] splits if we can write 

(2.9) N[G] = JJ.M™.^), 
where each Z% is a commutative finite field extension of N. 

Lemma 2.9. Assume N[G] splits as above. For m > we have 

(a) SL(JV[G]) = SL(JV[G]) • SL(R[G], p m ); 

(b) SL(i?[G]) = SL(R[G\) ■ SL{R[G],p m ). 
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Proof. We prove (a), and note that (b) follows easily from (a). We let 5^1r,g denote a max- 
imal i?-order in N[G]. Clearly we can take %JIrg = R[G] unless the residue characteristic 
of R divides the order of G. Under our assumption on N[G] above we can take 

m R! g= J[.M mi {d Zi ). 

Write also M n (N[G]) = U.i M rn(Zi)- We choose r such that n r tik R> G C R[G] and we set 
a = r + m. Note that, as N is dense in N, we know that for any non-negative integer a we 
have the equality 

GL n (N[G\) = GL n (N[G\) ■ GL(R[G],p a ). 

Let x E SL„(iV[G]) and choose y E GL n (N[G]) close to x, so that xy~ l = 1 + 7r a A with 
A E M n (R[G]). Then 

Det(l + vr a A) = Det(y)^ 1 E Det(GL n (iV[G])) n Det(l + 7r a M n (R[G})) . 

We write 1 + ir a \ = ]J 1 + 7r a Aj with Aj E M ni (6 Zi )- As N[G] is semi-local we can write 
V = Yii Vi = Yli e i$idi where the and di lie in the group of elementary matrices E(Zi), and 
where 5{ is diagonal matrix with all non- leading terms 1; so that the leading diagonal term 
£i must have det(yj) = £j E Zf . By Lemma 2.2.b in [11] we have a similar decomposition 

1 + vr a A = Yl 1 + ^ a Ai = JJ e$dj 

where the and d\ lie in the group of elementary matrices E(0Z;,p a ), and where b\ is 
diagonal with all non- leading terms 1; so that the leading diagonal term must be ^ with 

detiy- 1 ) = det(l + vr^) = £ E 1 + vr a O Zi . 

Thus we have shown that 

= det(yr 1 ) = det(l + 7r a \i) = £ E Z { n (1 + 7r a O z J = 1 + tt"^. 

We set (5 = 5jj we can then write 

x = (yd- 1 ) ■ 5(1 + 7T a \) E SL n (N[G}) ■ SL n (R[G],p m ) 

since y5~ l E SL n (N[G]) and <5(1 + vr a A) E 1 + ti^SPI^g C 1 + n m R[G]. □ 

2.d.4. In this paragraph, we recall some results from [9] (see the introduction of loc. cit.). 

Theorem 2.10. Suppose that R is a Noetherian domain with fraction field of characteristic 
zero. Assume that the natural map R — > l^im ^ R/p n R is an isomorphism, so that R is p- 
adically complete. Then for any integer k > 2, K\(R[G], (p) k ) is a subgroup of Ki (R[G]) 
and we have 

K 1 (R[G],(p) k )nSK 1 (R[G]) = {l}. 

Proof. This follows from [9] Theorems 1.3 and 1.4. □ 

Corollary 2.11. Let R be a discrete valuation ring of mixed characteristic with fraction 
field N and denote by R its p-adic completion. Assume that N[G] splits as in h2.9\) . Then 
the natural map SKi(i?[G]) — > *SK\(R[G]) is surjective. 
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Proof. Define SKi (i2/(p) m [G]) to be the image of SK^fG]) in K^R/ {p) m [G]). Theorem 
12.101 implies that, for m > 2, the map 

SK 1 ( J R[G])^SK 1 ( J R/(p) m [G]) 

is injective and hence an isomorphism. The result now follows from Lemma 12.91 (b). □ 

In [§] we obtain more precise results about SKi when we assume that, among other 
additional hypotheses, our coefficient rings afford a lift of Probenius. We are going to use 
the following corollaries of the main result of [9]. (Since carefully stating this main result 
would require a fair amount of additional explanation, we prefer not to do this at this time.) 
Here we will assume that W = W(k) is the ring of integers in a finite unramified extension 
of Q p with residue field k. 

Corollary 2.12. Suppose that W is as above and t an indeterminate. Then the inclusion 
W C W[[t]] induces an isomorphism SKi (W[G]) A SKi(W[[t]][G]). 

Recall that if R is the ring of integers of the finite extension N of Q p , we denote by R((t)) 
the p-adic completion of the polynomial ring R[t] and by the p-adic completion of 

the Laurent power series ring R((t)) = Then N® R R({t)} is the free Tate algebra 

N{t} in one variable over N. 

Corollary 2.13. Suppose that W is as above and t an indeterminate. 

a) The inclusion W{(t~ 1 )) C induces an isomorphism 

SK 1 (H/((t- 1 ))[G])^SK 1 (^{{f}}[G]). 

b) The inclusion W[[i]] C induces an injection 

SK 1 (W[[t]][G])^SK 1 (W{{t}}[G']). 

2.d.5. Let us also record: 

Lemma 2.14. Suppose that Q P [G] splits. Then we have: 
aJSMQ ® Zp Z p ((t- 1 })[G})={l}, 

b) If also p does not divide the order of G, we have SKi(Z p ((t -1 )) \G\) = {1}. 

Proof. By Morita equivalence, it is enough to show that SKi(i?((i -1 ))) = (1) and SKi(iV(g)# 
= SKi(A r {t~ 1 }) = (1), where R are the integers in a finite extension N of Q p 
and N{t} is a Tate algebra. This first statement follows from [23\ proof of IV, Prop. 4] 
applied to A = R, B = Indeed, Gruson's argument implies that the natural map 

SKi(i?[t -1 ]) -> SKi(J3) is surjective and the result follows since SKi(i?[t -1 ]) = (1). The 
proof of SKi(A r {t~ 1 }) = (1) is similar. In fact, this is a special case of [231 Theorem 1]. □ 

3. Lattices, determinant functors and determinant theories 

In what follows, R is a commutative Noetherian ring, A is a commutative Noetherian 
flat R- algebra and t a non-zero divisor in A such that A/tA is finitely generated and flat 
over R. We also consider At = A^ 1 ]. In the main examples we have in mind, A = R[t], or 
A = R[[t]]. Also all modules over a group ring such as A[G] are left modules. 
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3. a. Some lemmas. We start with: 

Lemma 3.1. Suppose that S is a local Noetherian commutative ring with 1 and residue field 
k of characteristic p. Suppose that P is p-Sylow subgroup of G. If p = 0, take P = {1}. 
Let M be a finitely generated S[G]-module. Then M is S[G]-projective if and only if the 
S[P]-module M obtained by restriction of operators from G to P is S[P]-projective. 

Proof. Observe that since [G : P] is invertible in S, the 5[G]-module S[G/P] admits the 
<S[G]-module S with trivial G-action as a direct summand. By Frobenius reciprocity 

S[G/P] ® s M ~ S[G] ® S[P] (Res G ^p(M)). 

Hence, M is a direct summand of S[G] ®s[P] (R es G-hp(-^0)- The result follows from this. □ 

Lemma 3.2. Suppose that S is a local Noetherian commutative ring with residue field k 
of characteristic p. Suppose that G is a p-group. (G = {1}, if p = O.J Let M be a finitely 
generated S[G]-module. Let J be the Jacobson radical of S[G]. Then the following are 
equivalent: 

a) M is S[G]-free, 

b) M is S[G]-projective, 

c) M is S[G]-flat, 

d) To^ [G] (S[G]/J,M) = (0). 

Proof. Notice that since S is Noetherian, S[G] is also Noetherian. Clearly (a) implies (b), 
(b) implies (c), (c) implies (d). It remains to show that (d) implies (a). Recall, G is a p- 
group. In this case, S[G]/J = k. Suppose that <p : k n ^> M/JM. Lift 4> to an S[G]-module 
homomorphism 

-> K -> S[G] n ^ M -»■ 
with K the (finitely generated) kernel. By the non-commutative version of Nakayama's 
lemma, $ is surjective. By tensoring the exact sequence above with S[G]/J ®s\G\ ~ we 
obtain (using (d)) an exact sequence of S [G]/ J- modules 

-)■ K/JK -> (S[G]/J) n ^ M/JM 0. 

But <j) is an isomorphism so K/JK = (0). Another application of Nakayama's lemma now 
gives K = (0) and so M is actually free. □ 

3.b. Lattices. Suppose Mq is a finitely generated projective i?[G]-module. We set Ad = 
M ®r A t and L = M ® R A. 

Definition 3.3. A finitely generated projective A[G]-submodule L of KA = Mq (g>p At with 
X^ n <o L ■ t n = KA, will be called an l A[G]-lattice" , or simply a "lattice". 

Notice that for a lattice L there is n > such that t n Lo C L C t~ n Lo and we have a 
canonical At [G] -isomorphism L ®a At = A4. 

Proposition 3.4. Suppose that L C M = Mo^j^At is a finitely generated A[G]-submodule 
of KA. Then L is a lattice if and only if the following condition is satisfied: There is n > 0, 
such that t n Lo C L C t~ n Lo, and the quotients L/t n Lo, t~ n Lo/L are both R[G]-projective. 
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Proof. First assume that L is A[G]-projective. Consider the exact sequence 
(3.1) -> i n L -> L ->• L/t n L -»• 0. 

To show that L/t n Lo, t~ n Lo/L, are F[G] -projective it is enough to reduce to the case that 
F is local Noetherian with residue field of characteristic p and by Lemma 13. II suppose that 
G is a p-group. Set L = L/t n Lo. Since A is flat over F, the -modules L and t n Lo are 
also flat. The exact sequence (|3.ip implies that L has F[G] -Tor dimension < 1. Since L is 
finitely generated over F[G], Lemma 13.21 above and a standard argument shows that L has 
F[G] -projective dimension < 1. The same is true for the F[G]-module t~ n L/LQ. Assume 
that the R[G] -projective dimension of t _n Lo/L is 1. The exact sequence 

-> L -»• t- n L /t n L -»• t~ n L /L -> 

would then give that the projective dimension of t~ n L/LQ is > 1, a contradiction. Hence, L 
is F[G]-projective. The same argument now shows that t~ n L§/L§ is also F[G]-projective. 
We conclude that L/t n Lo, t~ n Lo/L are both F[G]-projective. 
Conversely, assume 

t n L C L C t~ n L 

and that the quotients L/t n Lo, t~ n Lo/L are both F[G]-projective. We will show that L is 
j4[G]-projective. 

We can assume that ^4 and -R are local and that t is in the unique maximal ideal of 
A. (Otherwise, t is invertible and we get L = Lq in the corresponding localization.) In 
addition, by Lemma [3. 1\ we can suppose that G is a p-group where p is the characteristic of 
the residue field of A. We first claim that it is enough to show that, under our assumptions, 
L/tL is R[G]-£ree. Indeed, we will first show that if L/tL is R[G]-free, then L is j4[G]-free. 
Consider a map F — > L from a free A[G]-module which lifts F/tF ^> L/tL. By Nakayama's 
lemma, F — >■ L is surjective; let .fT be its the kernel. Now notice that since L C M, L is 
t-torsion free and so 

-> K/tK -> F/tF -> L/tL -»• 

is exact. Hence, K/tK = (0). Since t is in the maximal ideal of the local ring A, by 
Nakayama's lemma again, K = (0). It now remains to show that L := L/tL is i?[G]-free. 
For simplicity, set L n = t~ n Lo which is j4[G]-free. By our assumption and Lemma 13. 2| 
L n /L is F[G]-free. By enlarging n if needed, we can assume that L C tL n . Now tensor the 
exact ^-sequence 

-> L -> L n -> L n /L ->• 

with — 0,4 A/tA. Since t is not a zero-divisor in j4, we obtain 

-> T(L n /L) -> L/tL -»• L n /tL n -> (L n /L)/t(L n /L) -> 

where T(L n /L) := {x 6 L n /L j t • x = 0} is an i?[G]-module. Since L C tL n , the map 
L n /tL n — > (L n /L)/t(L n /L) is an isomorphism. Hence, 



T(L n /L) ~ L/tL. 
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Notice that we have an exact sequence of R[G] -modules 

-> T{L n /L) -> L n /L 4 t(L n /L) -> 0. 

Since L C tL n , t{L n /L) = tL n /L. The module tL n /L is the kernel of the surjective map 
L n /L — > L n /tL n between i?[G]-free modules and so it is R[G]-free. Hence, T(L n /L) is also 
R[G]-iree. Therefore, L/tL is also i?[G]-free. □ 

Corollary 3.5. If L\ C Li are two A[G] -lattices, then L\/L 2 is a finitely generated projec- 
tive R[G] -module. 

Proof. There is n > such that t n Lo C L\ C L 2 C t~ n Lo. This gives an exact sequence 

-»• L 2 /Li -> t" n L /L! -> t- n L /L 2 -> 
with middle and right terms i?[G]-projective. It follows that L2/L1 is i?[G]-projective. □ 

3.b.l. Notice that if 7 is an -isomorphism of the y4t[G]-module M = Mq ®RAt, then 
the image 7(^0) C is an A[G] -lattice. In particular, if Mq = R[G] n and 7 is given by 
right multiplication by the element g € GL n (At[G]), i.e by 7(771) := m-g, then LQ-g ~ A[G] n 
is an ^4[G] -lattice. 

3.c. Determinants. We continue to assume that R is a Noetherian commutative ring. 
Recall the definition of the virtual category V(i2[G]) of finitely generated projective (left) 
-R[G] -modules from [13] (see also [5])- This is a commutative Picard category (i.e a sym- 
metric monoidal category in which all arrows are invertible and all objects have inverses). 
Any finitely generated projective -R[G]-module P gives an object in which we will 

denote by [P] . The inverse of [P] is denoted by — [P] . As in [T3] we will denote the monoidal 
structure additively. The set of isomorphism classes of objects in V(i2[G]) is a group which 
is identified with Ko(i?[G]); the group of automorphisms of the zero object [0] is identified 
with Ki(i2[G]). If R = K is a field and G = {1}, V(R[G\) = V(K) can be identified with 
the Picard category Picf^ of "Z-graded i^-lines". Recall that the objects of Pic^- are pairs 
(L, n) of a isT-line L and an integer 77 and the monoidal structure is given by 

(L, 77) + (M, 777) = (L ®k M,n + 777). 

The identification above is then given by sending P to (det(P), rank(P)). 

Consider the (full) subcategory D P (R[G]) of the derived category D(R[G]) of the homo- 
topy category of complexes of i?[G] -modules which are bounded below, whose objects are 
perfect complexes. Recall that there is a "determinant" functor 

det : B P {R[G}) -»■ V(R[G]) 

which takes the value [P] on complexes P[0] >• — > P — >• — consisting of a 

finitely generated projective i?[G]-module placed in degree 0. The functor det satisfies an 
additivity property for "true" exact triangles, and other properties which are listed in [5]. 
To simplify our notations, we will sometimes write [P*] instead of det(P') for the virtual 
object in V(i?[G]) associated to the perfect complex P*. 
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3.c.l. By definition (cf. |14| . §5), a "determinant theory" on Ai is a rule that associates 
to any A[G]-lattice L as above, an object 5(L) of y(i?[G]) and to each pair L\ C L 2 of 
A[G] -lattices an arrow in y(i?[G]) 

(3.2) S Ll , L2 : 5(L{) + [L 2 /L x ] 5{L 2 ) 

(with [L2/L1] well-defined by Corollary I3.5j) . such that: 
If L\ C L 2 C L3, the obvious diagram 

<5(Li) + [L 2 /Li] + [L3A2] -> 5(L 2 ) + [L 3 /L 2 ] 

(3.3) I I 

<5(L 2 ) + [L 3 /L 2 ] <5(L 3 ) 

obtained using ^l 1 ,l 2 ) ^l 2 ,l 3 , $Lx,l 3 commutes, and the diagonal morphism is obtained by 
combining with the arrow [L2/L1] + [L3/L2] — >• [L3/L1] given by the exact sequence 

L 2 /Li -»• L3/L1 -4 L3/L2 ->■ 0. 

(In fact, we will often also find that our construction satisfies additional compatibilities 
for suitable base changes R — > i?' as in [H], §5.) 

We can see that the set of determinant theories is a torsor over the commutative Picard 
category V(JR[G]); in particular, if 6, 5' are two determinant theories, then there is an object 
Q of V(R[G]) and arrows 

(3.4) 5'(L) -> 5{L) + Q 

for each lattice L which are functorial (for inclusion of lattices). 

Consider the group Aut(A^) of Ai[G]-linear isomorphisms of A4. If L is an A[G]-lattice, 
so is its image 7L under 7. Notice that, for each pair of lattices L\ C L 2 , an element 
7 € Aut(A^) induces an arrow 

[Li/L-l] -> [7^2/7-^1] 

given by an actual i?[G]-module isomorphism. Hence, we can see that we can "twist 5 by 
7" to form a new determinant theory given by L 1-4 5{^L). By the above, the object 

V 7 = V 7 (L) = <5( 7 L) - <5(L) 

does not depend on L. This is meant in the sense that for any two lattices L C L 1 there is 
a well-defined arrow 

(3.5) V 7 (L) -> V 7 (L') 
which respects compositions for chains of inclusions. 

3.C.2. Now take A = R[t]. Suppose that L is an A[G]-lattice in M = M ®r To 
that, we can associate a coherent locally projective OpiJG] -module S(L) on F R obtained 
by gluing the sheaves on A^ = Spec(i?[i -1 ]) and Aq = Spec(i?[i]) that correspond to 
Mo ®z an d L respectively, along the identification 

L ® fl[t] ^[M" 1 ] = A4 = (M ®z Rit" 1 ]) ® fl [t-i] ^M" 1 ]- 

Now suppose that 7 is an A 4 [G] -isomorphism of Mo ®_r A t ; this gives the A [G] -lattice 
L = 7(Lq), £q = Mq <S>r J?[t]. By Theorem 19. 1[ when R is a Dedekind ring with finite 
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residue fields, all coherent locally free Opi [G]-modules can be obtained as £(L) = £(^(Lq)) 
for a suitable Mq and 7 as above. 

3.C.3. Denote by itT(P^ ,, £{L)) the complex in the derived category D(i?[G]) that calculates 
the cohomology of £{L) over ¥ l R . This is quasi-isomorphic to the Cech complex 

(3.6) C'(L) : (M ®z Aft" 1 ]) ©L->M ® Z R[t, t" 1 ] 

The standard argument shows that i?r(P^, £(L)) is "perfect", i.e is in D P (R[G]). Hence, 
we can set 

8{L) := det( J Rr(P} ? ,^(L)) e V(R[G]). 

This gives a determinant theory as above. Indeed, an inclusion i : L\ L 2 of A[G]-lattices, 
gives a corresponding homomorphism of sheaves i : £{L\) — > £(L 2 ) and of Cech complexes 
i : C'(Li) — > C*(L 2 ). Notice that there is a short exact sequence of complexes 

-»• C*(Li) A C"(L 2 ) -> (L 2 /Li)[0] -> 

of R[G] -modules. Using this, we obtain a true triangle in D P (R[G]) 

RT^E (Li)) -»• iZT(P^,f (L 2 )) -»• (L 2 /ii)[0] -> i2T(P^, £ (Li))[l]. 

This induces the isomorphism 

5 LljL2 : 5(Li) + [L 2 /L!] 5(L 2 ). 

as required. We can now see that the required properties of S follow from the corresponding 
properties of det. 

3.d. A central extension. Consider the group Aut(M) of R[G] [t, £ ]-linear isomorphisms 
oiM = M ®_Ri?[t,i -1 ]. Following ideas in [H] or [3] we construct the "canonical" V(R[G})- 
extension Aut(.M) v of Aut(Al) (in the sense of [3j A2]) associated to the determinant theory 
6. Explicitly, Aut(7W) v := Aut,5(A4) is given as follows: 

(i) To every 7 : M. — » A4 in Aut(A4) we associate the object 

V 7 = 5(jL Q ) - 6(L ) 

of V(R[G]); 

(ii) To every pair of elements 7, 7' in Aut(.M), we associate a "composition" isomorphism 

c 7i y : V 7 + Vy — ^ V 7 .y 

which is given as follows: 

By (|3.5p applied to Lo and 7'Loi we have an arrow 

V 7 + Vy -»- (5(77^0) - 5(7%)) + (5(7%) - 5(L )). 

This composed with the contraction 

(5(77' L ) - 5(7%)) + (5(7%) - $(£0)) -> 5(77%) - 5(L ) = V 7 y 

defines c 7i y. 
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We can see that the arrows c~ y satisfy associativity, i.e that the obvious diagrams 
(V 7 + Vy ) + Vy/ >■ V 7 y + Vy/ 

V 7 + (Vy + Vy) — > Vy + Vyy — > V 7 yy 

formed using the c's and the associativity constraint in V(R[G]) are commutative. 

Finally, we can see, using (|3.4|) . that the V(-R[G])-extension Aut(A4) v := Aut^(Ai) is 
independent up to isomorphism (in the sense of [31 A3]) of the choice of determinant theory 
5. 

3.d.l. Notice that if 7 belongs to the subgroup Aut(Lo) = Aut(Mo ®rR\P\) C Aut(TW), or 
to the subgroup Aut(Mo ®RR[t~ 1 }) C Aut(A4), we have f (7L0) = £(Lq) as C P i [G]-sheaves 
on Pjj and hence ^(7^0) = S(Lq); this gives a canonical arrow [0] — > V 7 and the central 
extension Aut(A4) 1 ' splits over Aut(Lo) and also over Aut(M Oijfi[i" 1 ]). 

3.d.2. Taking isomorphism classes 7 h-> [Vy] gives a group homomorphism 

(3.7) x = Aut(TW) -+ K (i?[G]). 

Denote by Aut'(A'J) the kernel of x- Now for each 7 : A4 — » A4 in Aut'(A'i), choose an 
arrow ^> 7 : Vi = [0] — > V 7 in V(i?[G]). If 7, 7' are in Aut^Al), using the trivializations 7 , 
0y, 7 y allows us to identify the compositions c 7j y with elements of Ki(J?[G]). We can 
check that the associativity amounts to the fact that 

c : Aut'(M) x Aut'(M) ->■ Ki(i?[G]); (7,7') i-> c 7i y, 

is a 2-cocycle. There is a corresponding central extension 

(3.8) l^K 1 (R[G\)->'Hs(M)->Axit'(M)->l 
which can be described more explicitly as follows: 

(3.9) Hs(M) = {(7, 7 ) I 7 G Aut'(A4), 7 : Vi = [0] -> V 7 } 

with multiplication defined using the cocycle c above. Again, up to isomorphism, the central 
extension Hs(M) is independent of the choice of determinant theory. By §3.d. 11 we see that 
the central extension 1~Ls{M) splits over Aut(Lo) and also over Aut(Af <8)i? J R[t~ 1 ]). (They 
are obviously both subgroups of Aut'(A4).) 

3.d.3. Now take A = R[t], so that A t = R[t, t" 1 ] and take M = R[G] n , M = A t [G] . Using 
the isomorphism 

GL n (A t [G]) -> Aut(A4); g H- (m i-> m ■ g- 1 ) 

we pull-back Aut(A^) v to a categorical V( J R[G])-extension GL n (A t [G]) v of GL n (A t [G]). 
This in turn extends to a categorical extension GL(A^[G]) V of the infinite linear group 
GL(A t [G]) = lim n GL n (Ai[G]). Notice that the commutator subgroup E(A t [G]) C GL(A t [G]) 
is contained in hni GL^A^G]); this allows us to assemble the extensions obtained as above 
from (|3.8|) for n >> and give a central extension 

(3.10) 1 -> Ki(R[G]) -> ft(A t [G]) -> E(A 4 [G]) -> 1. 
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Since E(-A t [G]) is a perfect group and the Steinberg extension St(A t [G]) is its universal 
central extension (see [Ml Chapter 4.2] or [321 Section 5]), there is a (unique) group homo- 
morphism 

(3.11) d:K 2 (A t [G])^K 1 (R[G]) 
that fits in a (unique) commutative diagram 

1 -> K 2 (A t [G\) -> St(A t [G}) E(A t [G]) -> 1 

(3.12) di di i 

1 -> K^fGj) -)• ft(A t [G]) -> E(^[G]) -> 1 

with the right vertical map the identity. Observe here that by §3.d.l[ the extension (|3.10p 
splits over E(j4[G]). Hence, the homomorphism d is trivial on the image of K 2 (^4[G]) in 
K2(At[G]), i.e the composition 

(3.13) K 2 (^[G])) -> K 2 (A t [G]) A K X (^[G]) 
is trivial. 

Remark 3.6. Notice that there is a 1-1 correspondence between R[[i\] [G]-lattices in R((t))[G] 
and i?[i][G] -lattices in R[t, t ][G] n ; indeed, by Proposition ^. 4| both these sets are in 1-1 cor- 
respondence with the union over n > of all R[t] [G]-submodules of t~ n i?[i][G]/i n i?[i][G] ~ 
R[t] [G]/(t 2n ) which are i?[G]-projective. Hence, our determinant theory for R[t,t~ 1 ][G] n 
also gives a determinant theory for R((t))[G] n . Then the above results also apply to A = 
R[[t]]. The corresponding central extensions (|3.8|) are compatible in the sense that the cen- 
tral extension for R((t))[G] n pulls back to the one for R[t, t' 1 ] [G] n under GL' n (R{t, t' 1 ] [G]) 
GL' n (R((t))G]). In particular, the same argument gives a boundary d : K 2 (R((t))[G]) — > 
Ki(R[G]) that satisfies f|3. 13|) as above. 

Remark 3.7. The homomorphism d is a refined version of the inverse of the tame symbol. 
(See below.) In a previous version of this paper, a homomorphism K 2 (j4i[G]) — > Ki(i?[G]) 
was constructed as a boundary map on a suitable localization sequence for K-groups using 
work of Neeman-Ranicki [37], [36]. This should agree with the construction given above but 
working out the details of this comparison is a complicated affair. 

3.d.4. In this paragraph, we will consider i?[[i]][G] -lattices but the construction works with 
R[t] [G]-lattices too. Let us fix a determinant theory 5. Suppose that L\, L 2 are two lattices 
and find N » such that t N L C Li, L 2 . Then we can see that a choice of an isomorphism 
a : S(Li) ^> S(L 2 ) amounts to an isomorphism 

[a] : [Li/t*Lo] ^ [L 2 /t N L ] . 

Indeed, a is the unique isomorphism for which the diagram 

S T , jV T 

5(^Lo) + [L 1 A JV Lo] KLi) 

(3.14) id + [a] 1 la 

S(t N L ) + [L 2 /t N L ] 5{L 2 ) 
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commutes. The central extension 

(3.15) 1 Kx(i?[G]) H,(J?((t))[G] B ) -> Gl4(fl((t))[G]) ->• 1 
can now also be described as follows. Recall 

H s (R((t))[G] n ) = {(g,<P g ) | 9 € Gl4(i?((i))[G]), ^ : ^ • 9' 1 )} ■ 

We define an operation on 'Hs(R((t))[G] n ) by 

(g, 4> g ) * (h, 4> h ) = (g -h, <f h o <j> g ) 
where (f) 9 h can be defined as follows: For N >> 0, [^?] is given by the composition 

[L • g^/t^Lo] [L /t N L ■ g) [L ■ fT 1 /^ ■ g] ^ [L ■ h^g' 1 /t N L ) 

where [<ph] is induced by <ph as above and r{g) = -g, r(g~ 1 ) = -g' 1 are given by right 
multiplication. We can see that the corresponding cj) 9 h : 8(Lq ■ g" 1 ) — > S(Lq ■ (gh)' 1 ) is 
independent of the choice of N; we will abuse notation and write 

K = r (9~ l ) ° 4>h°r(g) . 

We can now see that * defines a group structure on Hs(R((t))[G] n ). The inverse of (g,cj> g ) 
is given by {g~ l ,i]j g ) with 

i>g = 4>g 9 1 = r(g) o (f)- 1 o rig' 1 ) 
(with the same abuse of notation as before). 

3.d.5. Here we explain how the homomorphism d : K2 (At [G]) — > K±(R[G]) of the previous 
paragraph can often be calculated using the classical tame symbol. 

Recall that for a field E we know by Matsumoto's theorem that K2(-E) is generated by 
symbols {a, b} = a U b for a,b € E x . Suppose now that E supports a valuation v, with 
valuation ring O, maximal ideal m and with residue field k = O/m. Then the tame symbol 

r : K 2 (E) -> Ki(jfe) = k x 

is defined by the rule that 

n v 0>) 

(3.16) r({a, b}) = (-1)«««<»> _ mo d m. 

Proposition 3.8. Assume that R = F is a field and A = F\\t]\, so that A t = F((t)) is the 
field of Laurent power series, and that we take G = {1}. Then 

d:K 2 (F((t)))^K 1 (F) = F* 

constructed above is equal to the inverse of the tame symbol, i.e d = r _1 . 

Proof. See for a very similar statement. We set E = F((t)), O = F[[t]] and suppose 
m > 3. Using the universality of the Steinberg central extension of the perfect group 
SL m (E) we see that the conclusion is equivalent to the following statement: Our central 
extension 

(3.17) 1 -»■ F* -> H{E m ) -> SL m (£) -> 1 
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above is isomorphic to the central extension H(E m ) obtained by pushing out the Steinberg 
extension by r" 1 : K 2 (E) -> F*. It follows from PH Theorem (12.24)] and [Ml Lemma 8.4] 
(this last reference shows that a "Steinberg 2-cocycle" is determined by its restriction to 
the subgroup diag(a, 1, . . . , 1, a -1 ) of the diagonal torus of SL m (E) that corresponds to the 
long root) that the extension 7i(E m ) is isomorphic to the canonical central F* -extension 
of the loop group SL m (F((t))) which appears in the theory of affine Kac-Moody algebras. 
It is well-known (cf. [I], |15j ) that this "Kac-Moody extension" is the central extension 
%{E m ) given by pairs (g, a) with g £ SL m (.E) and a a generator of the (graded) line 
bundle {g • O m \O m ), where for a O-lattice L C E m , we set 

(L | O m ) := det{L/t N O m ) ® det(O n l /t N ' O m )~ l 

for t N O m C L. The group law is given by (g, a) ■ (h,/3) = (gh,g(/3) <S> a) (compare to 
the previous paragraph). Our central extension Ti(E m ) is obtained in a similar manner 
using (O m ■ g- 1 | O rn ). Both extensions U{E m ) and U(E m ) split over SL m (F[[i]]). By the 
argument of [291 Proof of (5.4.5)] we see that it is enough to show that the two extensions 
agree on the diagonal maximal torus T(i ? ((t))) of SL m (i ? ((t))). This fact now follows easily 
from r(a _1 , 6 _1 ) = r(a, b) and the above. □ 

3.d.6. Here we suppose that p : R[G] — > M.d(F) is a representation over F where F is 
a field of characteristic zero. Base-changing by p gives an exact functor M h-> p(M) = 
Md(.F) ® Pt R[G] M from finitely generated projective i?[G]-modules to M^(F)-modules. Let 
e be an indecomposable idempotent of M^(i ? ). Multiplying by e gives an equivalence of 
categories between M ( i(i ? )-modules and F- vector spaces. This gives an equivalence of Picard 
categories V(Md(F)) ^> V(F) = Pic z (F). Sending M to e • p(M) gives an exact functor to 
-F-vector spaces which induces an additive functor 

p : V(R[G]) -+ V(F). 

This induces on automorphisms of the identity object, the determinant (norm) 

N{p) ■ Ki(R[G]) — > F*. 

Recall that we take A = R[t], or A = R[[t]]. For simplicity, let us discuss A = R[[t]]. 
Notice that if L is an A [G] -lattice in A t [G] n , then e • (M d (F) <^ p ,r[G] l )) is an -^[[t]] -lattice 
in F((t)) nd . Our construction for G = {1}, gives a determinant theory 6f for F[[t]} -lattices 
in F((t)) nd . We can see that for each ^4[G]-lattice L we have canonical isomorphisms 

p(5(L))^5 F (e-(M d (F) ® PjR[G] L)) 

in V(F). We obtain a commutative diagram of central extensions 

1 -> Kx(R[G\) -> H(R((t)))[G] n ) -> GL' n (i?((t))[G]) ^ 1 
(3.18) iV( P )| | 4.p 

1 _, F * ^ ^(F((t)) nd ) -»- GL^(F((t))) ^ 1 

where the bottom row can also be identified with the extension of [1] as in the proof of 
Proposition 13.81 
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3.e. Some p-adic limits. In this section, we assume that R is a commutative ring in which 
p is a non-unit and set R m = R/p m R. We suppose that R m is, for each m, a finite ring. 
Denote by R = lim ^ R m the p-adic completion of R. Set 

Ki(R[G]) = limK, (#„,[£]) for i = 0,1,2. 

m 

Observe that 

(3.19) Ki(R[G\) = limK^iUGD = flB^WG]) = Ki(R[G]). 

m m 

Notice that the natural maps Ki(R m+ i[G]) — > Ki(i? m [G]) are surjective since p m R m+ i[G] 
is nilpotent in R m+ i[G\. Since R m is finite for each m the natural map 

K t (R[G]) ^ limKx^IG]) = Ki(R[G\) 

m 

is an isomorphism ([IB]). Similarly, we have Ko(R m+ i[G]) — > Ko(i? m [G]) and so 

K (R[G]) ^ K (R[G}). 
Tensoring P i— >■ R m ®_R m+1 P induces an additive functor 

(3.20) V{R m+l [G\) V(Rm[G]) . 

3.e.l. Set A = R[[t]}, M = R[G] n . Also set 

R{{t}} = ^mR rn ((t)) 

m 

for the p-adic completion of R{(t)). Set GL' n (R{{t}}[G}) := hm m GL' n (R m {(t))G), where 
GL' n (R m ((t))G) = ker(GL n (i? m ((t))G) -)• Ko^fG])). We can see that this limit is a 
subgroup of GL n (R{{t}}G) that contains GL^(i?((t))[G]). By applying the above (and 
Mittag-Leffler) we see that, for each n, there is a central extension 

(3.21) 1 -> Ki(A[G]) -»• #(i?{{i}}[Gf) -> GL' n (J?{{i}}G) -> 1 

where 7}(i?{{i}}[G] n ) = lim m %(#„,((£)) [G] n ). This extension restricts to (I515]l after 
pulling back via the inclusion GL' n (R((t))[G]) <-> GL' n (R{{t}}[G}). The extensions (l3T2Tj) 
are compatible for various n. 

By restricting to the commutator subgroup E(i?{{i}}[G]) C GL/(i2{ {£}}[(?]) we obtain 
a central extension 

(3.22) 1 -> Ki(^[G]) -> #(£{{i}}[G]) E -> E(£{{t}}G) -> 1 
and the argument using the universality of the Steinberg extension now gives 

3* : K 2 (A{{t}}[G]) ->Ki(ii[G]). 
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3.e.2. When R = R is a p-adically complete discrete valuation ring, we can also construct 
the group l-L n (R{{t}}[G]) as follows: Given g = (g m ) m € GL' n (R{{t}}G) consider the 
complex of R[G] -modules 

(3.23) C R (g) : {R{{t~ l ))G) n ® (R[[t]]G) n ■ g -> (R{{t}}G) n . 
Now for each m, we have the complex 

(3.24) C m (g) : {R m [t~ l ]G) n (R m [[t]]G) n ■ g m -> (R m ((t))G) n 

and C m (g) = R rn ®R m+1 C m+ i(g). By the above, for each m, C m (g) is represented by a 
perfect complex P m (g) of i? m [G]-modules. Using a standard argument (see [311 Lemma 
VI. 13. 13]), we can find such perfect complexes P m (g) which support quasi-isomorphisms 

Rrn ®R m +i Pm+\{g) ^ Pm{g); then 

P(g) :=^mP m (g) 
m 

is a perfect complex of i?[G]-modules that represents Cn(g). (In fact, Cn(g) represents the 
cohomology of a locally free Opi [G]-module over P|j obtained by patching as in [251.) There- 
fore, [6(g))] = [P(g)} makes sense in V(R[G]). For GL' n {R{{t}}) = lim m GL' n (R m ((t))G) 
we can now see that 

H(R{{t}}[G] n ) ~ {(g^ g ) | g € Gl4(*{{t}}G),^ : = [£«(!)] ^> foGr 1 )]} . 

By arguing as in ^3.d.H we can now see that the extension (|3.2ip splits over the subgroup 
GL n (i?((^ 1 ))[G]). 

3.e.3. Suppose here that R = R is a p-adically complete discrete valuation ring with 
valuation v, fraction field F of characteristic zero and finite residue field k. We will assume 
that F[G] is split 

i 

The ring is also ap-adically complete discrete valuation ring with residue field k((t)). 

We denote by F{{t}} the fraction field of R{{t}} which is 

^{{*}} = F ®R R{{t}} = I ^ a i li | «i € -F, lim v(ai) = +oo, v(ai) » -oo 

Here we explain how we can also construct a central extension of E n (F{{i}}[G]) by 

Ki(F[G]) = HmKi(F[G])/Im(Ki(i?[G], (p m ))- 
in 

Notice here that under our assumptions we have 

(3.25) Ki(F[G]) —tKi(F[Cr\). 

and we can identify Kx(F[G\) and Kx(F[G]). 

In what follows, we denote by GL* (_F{{t}}[G]) the subgroup of g € GL n (F{{t}}[G]) 
with constant Det, i.e Det(g) € \ r \ i 
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Lemma 3.9. a) If g G GL n (F{{i}}[G]) and m » 0, we can find g m G GL n (F ®_r 
R((t))[G}), u m G GL n (R{{t}}[G], (p) m ), such that g = u m g m . 

b) If in addition g G GL* n (F {{t}}[G}) then, for m » 0, we can write g — Um9m 

with 

g rn G GL* n (F® R R((t))[G]) C GL' n (F((t))[G]), u rn G GL* n (R{{t}}[G\, {p) m ). 

Proof. Let 971 = J"^ M^^OzJ be a maximal order in F[G] = Y\ i M mi (Zi); Since we have 
GL n (Wl{{t}}, {p) a ) C GL n (R{{t}}[G], {p) m ) for a»m (see the proof of Lemma EHj) we 
can reduce, by Morita equivalence, the proof of (a) to the case G = {1}. Now use the 
Bruhat decomposition 

GL n (F{{t}}) = |J GL n (R{{t}}) ■ diag(7r S1 ,. . . ,tt s ») • GL n (R{{t}}) 

(8i,...,s„)ez« 

and the fact that GL„(#((t))) is dense in GL„(^{{t}}) to deduce that GL n (F ® R R((t))) 
is dense in GL n (F{{t}}); part (a) then follows. Part (b) then follows by part (a) and an 
argument as in the proof of Lemma 12.91 □ 
Starting with g G GL* (.F{{i}}[Cr]) write g = u m g m as in Lemma 13.91 (b) and consider 
V m := V g -i = 5{LQ-g^-)-5{L ) in V(F[G\). Consider the Picard category V m (F[G]) which 
has the same objects as V(i 7 '[G]) and morphisms equivalence classes of arrows in V(F[G]), 
where a, a' : A B are equivalent if a' ■ or 1 G Im(Ki(i?[G], (p m ))) C Ki(F[G]). Similarly, 
we can define V m (R[G]). There are additive functors q m : V m +i(F[G]) — > V m {F\G\). The 
object V m can be made, up to unique isomorphism in V m (F[G]), to be independent of the 
choice of g m ; Suppose another choice g' m gives V' m . Now the central extension structure 
gives a canonical arrow 

for some u = g' m g m l G GL* (R{{t}}[G], (p m )). We can think of V u as an object of V(R[G]); 
it supports a unique trivialization in V m (R[G]) and this provides us with a fixed choice of 
a trivialization of V u in V m (F[G]). Hence, we have given an arrow V m —> V m in V m (F[G]) 
between any two choices V m , V m . These arrows satisfy the obvious composition condition 
when we are dealing with three choices V m , V' m , V m . 
We can now consider the group of pairs 

n n (F{{t}}[G]) m = {{gAm) I 9 € E n (F{{t}}[G]), <p m : [0] -> V m in V m (F[G])} 

with group law as in §3.d.2[ This gives central extensions 

(3.26) 1 ->> Ki(F[G])/lm(Ki(R[G], (p m ))) -> H n (F{{t}}[G]) m ^ E n (F{{t}}[G}) -)■ 1. 

The inverse limit of these, consisting of {(g, (4> m )m)} such that q m {.4>rn+i) = <frm, for all m, 
gives the desired central extension 

(3.27) 1 Ki(F[G]) = Ki(F[G]) ^ ^(^{{t}}^]) ^ E„(F{{t}}[G]) -> 1. 
This provides us with 



(3.28) 



9 F :K 2 (F{{i}}[G]) ^Kx(F[G]). 
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Our constructions show that the diagram 

K 2 (R{{t}}[G]) ^ Ki(R[G]) /lm(Ki(R[G], (p m ))) 

(3.29) I | 

K 2 (F{{t}}[G]) ^ Ki(F[G}) /lm(Ki(R[G], {p m ))). 

commutes. Here the vertical arrows are given by base change, and dn, m is obtained from 
d R of the previous paragraph. Therefore, 9j?, m vanishes on Im(K2(i?{{t}}[G], (p m ))). 

3.e.4. Suppose g G GL n (F{{i}}[G]) and consider the complex 

C F {g) : (F{t~ 1 }[G]) n © (R[[t]] ® R F[G}) n ■ 9 -> (F{{t}}[G\)» 

of F[G]-modules. If g G GL„(i?{{t}}[G]), then C F (g) = F® R C R (g) with the perfect 

complex of R[G] -modules considered in N3.e.ll In general, we have 

Proposition 3.10. For g G GL n (i ? {{t}}[G]), Cp{g) is a perfect complex of F[G] -modules. 

Proof. By Morita equivalence, it is enough to consider the case G = {1}. For simplicity, 
set A + = R[[t\] ® R F, A_ = Fit" 1 }, A = R((t)) ® R F. These are F-subalgebras of 
the field F{{t}}. We have, F{{t}} = A_ + A + , the algebras A + , A_ are complete, A 
is dense in F{{t}}. Set G± = GL n (A±) and Go = GL n (Ao). By Lemma [3.91 (a) and 
its proof, Go is dense in GL n (F{{i}}). Notice that we can write a G ^{{i}} as a sum 
a = a,- + a + with a± G A± and \a+\, |a_| < \a\, where | .| denotes the p-adic absolute 
value on .F{{t}}. It now follows by the ultrametric version of Cartan's Lemma (see for 

example [TU III 6.3] III 6.3, or [24]) that we can write g = go ■ g+ ■ g Then g = ho ■ g_ 

with ho = go • g+ G GL n (^4o) since A + C Aq. We have Cp(g) = C R (ho); this reduces 
to showing the proposition for g G GL n (Ao). Now also observe that if g' = g+ ■ g with 
g + G GL n (^4 + ), then Cp(g') — Gf(#); this allows us to restrict attention to the cosets 
GL n (-A+)\GL n (-Ao); we can see that these parametrize free rank n 74 + -submodules Q of 
A% with t N A% C Q C t~ N A\ for some N. Since t~ N A + /t N A + ~ r^F^/^F^], the 
usual argument shows that each coset GL n (.A + ) -g has a representative h in GL n (F[i, t -1 ]). 
Hence, C R (g) is isomorphic to the p-adic completion of 

F^ 1 ]" © A% ■ h -> A£ 

and this is perfect: Indeed, we can compare this to the complex for h = 1 which is quasi- 
isomorphic to F n and hence is perfect; since the quotient of any two A + lattices is a finite 
-F-vector space the result follows. □ 

We can now see that Cp(g) gives the cohomology of a rank n- vector bundle over P^,; this 
is the bundle obtained by glueing by the element h G GL n (F[t, i" 1 ]) in the above proof. 
Now we can construct 

(3.30) 1 -> Ki(F[G\) -+ n n (F{{t}}[G]) -> GL* n (F{{t}}[G]) -> 1 
by setting 

(3.31) Un(F{{t}}[G}) := {(g,<t> g ) \ g G GL* n (F{{t}}[G\),<f> g : [F[G]] ^> [C> GT 1 )]}. 
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Now we can check that the restriction of this extension over £'(i< 1 {{i}}[G']) is isomorphic 
to the extension (|3.27p constructed in the previous paragraph. We can see from the above 
that this extension splits over the subgroup GL n (F{t~ 1 }[G]) and over GL n (F<8)^i?[[t]][G]). 

3.f. Kato's Residue map. Recall that for q > 1 and for a field N, K q (N) is generated by 
symbols {ai, . . . , a q } with ai G N x . Suppose that N supports a normalized additive discrete 
valuation v. Let K*(iV) denote the graded ring © 9 >oK 9 (iV). For n > 1, we let U™K*(iV) = 
©q>oU n Kq(A^) denote the graded K*(iV)-ideal generated by elements a € iV x = Ki(iV) 
with v(a — 1) > n. We then define 



Kq(N) = lim 

From \30\ Lemma 1] we quote: 



K 9 (AQ 

qyl "> -nU"K g (iV)' 



Lemma 3.11. Let q > 0, n > 1. If N denotes the completion of N with respect to the 
valuation v, then the natural map N — » N induces isomorphisms: 



U"K 9 (JV) U"K 9 (iV)' 

3.f.l. We consider the case where F is a finite extension of the p-adic field Q p with valuation 
ring R and valuation ideal P = ttR. Let N denote the field of fractions of the ring of 
power series R[[t]) for an indeterminate t, endowed with the discrete valuation associated 
to the height one prime ideal 7ri?[[t]]. Then the completion N is the field ^{{t}} described 
previously. In [301 Sec. 1] Kato defines a map 



X 



(3.32) Res : K 2 (F{{t}}) -> Ki(F) = F 

By composing with the natural map K2(i ? {{t}}) — > K2(i ? {{t}}) we obtain a map which we 
also call Res: K 2 {F{{t}}) -> F x . 

From |3U[ Theorem 1] we know that Res is continuous with respect to the topology given 
by the subgroups {U n K 2 (iV)}. In fact Res(U n K 2 ( J F{{t}})) C 1 + P n . We also have 

Res({a, t}) = a, fora€F x , 

and Res annihilates the image of K%(F <S)r R[[t]]) in K.2(F{{t}}). Observe that 8f on the 
image of K 2 (F ®r R((t))) in K2(i ? ((t))) is the negative of the tame symbol by Proposition 
13.81 We now explain why Res on the image of K 2 (-F <8># R((t))) in K 2 (F{{i}}) agrees with 
the tame symbol: From the localization sequence (see [461 p. 294]), noting that an arbitrary 
non-zero element x € K 2 (i ? <2)r R((t))) can be written as x = t n y with y G F ®r i?[[t]], we 
have an exact sequence 

-> Im(K 2 (F ® R R[[t]})) -> K 2 (F ®r R((t))) -> Ki(C) 

where C is the category of perfect F ®r ii((t)))-complexes whose homology is killed by a 
power of t. In the usual way we get Ki(C) = Ki(F) and the above sequence is split by 
mapping a \— > a U t. Therefore we get a decomposition K 2 (F <S>r R((t))) = Im(K 2 (i ? <S>r 
R[[t]])) ® Ki(i ? ) and we can see that Res on K 2 (F ®r R((t))) is the tame symbol. 
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We conclude that Res is compatible with the tame symbol in the sense that we have a 
commutative diagram 

K 2 (F((t))) T -^U K X (F) 

t t id 

(3-33) K 2 (F® fl 12((i))) ► Ki(F) 

I I 

K 2 (F{{t}}) ^ Kx(F). 

induced by the natural inclusions. 

3.f.2. Compatibility of <9 _1 wii/i i2es. Combining Proposition 13.81 with (|3.33p above we will 
show: 

Proposition 3.12. The maps dp 1 and Res agree on K2(F{{t}}). 

Proof. Let x E K2(F{{t}}). We omit the subscript F. We shall show that for arbitrary 
n > we have 

(3.34) d(x) = Res(x) -1 mod w n R 
so that we can conclude 

(3.35) d(x) = Res(x)" 1 . 

By Matsumoto's theorem, it will suffice to take £ = {x±,x 2 } = x\ U x 2 with X{ € F{{t}} x . 
Since is the field of fractions of the discrete valuation ring with valuation 

ideal irR{{t}} we can write each element Xi in the form 

x i = ir Mi Si with Sj € R{{t}} x . 

Since F®nR((t)) is dense in F{{t}}, for any n > 0, we can find x^ G (F <g) r R((t))) x and 
rj n) € so that 

By Proposition 13.81 and the above we know that both dp 1 and Res restrict to the tame 
symbol on K 2 (F <£>ji R((t))); so, in order to prove (|3.34[) . it will suffice to show for n > 
that 

(3.36) d(x) = dix^ U 4 n) ) mod vr n 

(3.37) Res(x) = Res(xf } U x { 2 n) ) mod vr n ; 

indeed, then we can then conclude that the two right-hand terms in (|3.36|) and ()3.37p are 
equal and this will then give (|3,34p . 
We have the equalities in K 2 (F{{t}}): 

x ^Ux { 2 n) = xi(l + ir n r{ n) )Uf 2 (l + 7r n r5 n) ) 

= [x i U x 2 ] ■ [(1 + vr n r[ n) ) U x 2 ] ■ [ Xl U (1 + 7T n r { 2 n) )] ■ [(1 + ^ l r[ n) ) U (1 + w n r { ^) 
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Since the three last terms above belong to U n K2(i ? {{t}}), we conclude that 

Res(x) = Res(xi U x 2 ) = Res(x|"^ U x^) mod n n . 
Now since (1 + tt 11 ^) U (1 + ttV^) G Im(K 2 (i?{{t}}, vr n )), from EBI we know that 

+ TtV^) U (1 + 7T n 4 n) )) = 1 mod TT n . 

Next we observe that 

xi U (1 + 7r n r£°) = vr Ml siU(l+vr n r( n) ) 

= (7T Ml U (1 + 7T n 4 n) )) + (S! U (1 + 7T n 4 n) )). 

As previously, since si U (1 + ir n r^) 6 Im(K 2 (i2{{t}}, vr n )), we know that 

a(s!U(l + ^ n 4 n) )) = 1 mod Tr n 
and so, in order to prove the proposition, it will suffice to show: 
Lemma 3.13. For r G R{{t}} we have d(ir U (1 + irr)) = 1. 

Proof. First we recall the construction of the cup product ir U u G K 2 (F{{i}}) for u G 
F{{t}} x . As in Section 8 of [32], we form 

/ vr \ / u \ 

d= vr" 1 , e= 1 GSL 3 (F{{t}}) 
\ 1/ V u- 1 J 

and we note that these two elements commute in SL3(i ? {{t}}); we then choose lifts d, e in 
the Steinberg group of -^{{t}} and ir U u is defined to be the commutator 

irUu=[d,e] GK 2 (F{{t}}). 

From (|3.27j) we have the exact sequence 

(3.38) 1 -»■ Ki(F) -> n{F{{t}}) -> SL(F{{t}}) -> 1 

and we recall that elements of y-(F{{t}}) are coherent sequences of pairs (g,4> m ) with 
g G SL(F{{t}}), where we choose g m G SL(F((t))) with gg" 1 G 1 + 7r m M(.R{{t}}) and m 
an isomorphism for A >> 

Recall that the elements of H(F((t))) multiply by the rule 

(3.39) ( 7 ,</> 7 )*(<5,<AO = (7^J°0 7 ) 

where, writing r( 7 ) for right multiplication by 7, </>7 = r( 7 _1 ) 0^0 r( 7 ); thus, as seen 
previously in ^3.d.4|, we have ( 7 , </> 7 ) _1 = ( 7 _1 ,0 7 7 ). 
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We now set u = 1 + nr for r € /?{{£}}; we fix a positive integer m > 1 and choose 
r m € R((t)) with r = r m mod 7r~ 1 7r m j 
matrix 



we 


let 




Urn 










i 


».) 











Then from the above we get 

d(n U u m ) = (d, cj) d ) * (e m , 4> em ) -k (cT 1 , </>^ drl ) * (e" 1 , 

in Ki(F). However, from §3.d. II we know that the ^-sequence splits on SL(F[t]]), and a 
fortiori on SL(i ? ), and so we can take 4>d = 1- This then gives 

d(^U (1 + vrr)) = lim (d, l m ) * (e m ,(^ em ) ★ (d _1 , l m ) ★ (e- 1 ,^™) 



= lim (de m , e?n ) * (d e m ,(f)~ 

m 

= lim (iie m d~ 1 e~ 1 , i 

hi 

= ^^OeJ 
m 

and so it will suffice to show that for m > 1 

(3.40) ^ = lmodp m , i.ethat £^ G K^i?, vr m ). 

We set 7? = i?/P. Let Lx{R) = R[[t}} 3 , L^F) = F[[t]} 3 . For 7 G SL 3 (F[[t]]) we put 
Lj(F) = Lo(i ? )7~ 1 . Then we note the following: 

1) over F, we have the identifications 

(341) L^F) L d (F) L emd (F) L dem (F) L £m (F) 



t N Io.(F) t N L\(F) ' t N L\{F) t N L^F) t N L\{F) ' 
2) because e m = 1 mod 7r m we have a canonical isomorphism 

L em (E) _ Lx(^ 
^Li(i?) t N L\{R)' 

Let {ajjj} for 1 < i < 3, < j < N, be the natural i?-basis of L\(R) / t N L\(R)\ let {xij} 
for 1 < i < 3, < j < N, be the images of the basis elements {xij} in Li(R)/t N Li(R); 
then {yjj = a^e" 1 } are elements in L em {R) /t N L\{R). We consider the i?-linear map 
: L\(R) /t N L\(R) — >■ L em (R) /t N L\(R) given by 4>{ x ij) = By construction we have 
the commutative diagram: 

L 1 ( J R)A W L 1 ( J R) A L^/^L^R) 
(3-42) I I 

L^/^L^R) = L^/^L^R). 

Since there is an i?- isomorphism between L\{R) /t N L\(R) and L em (R) /t N L\(R) they have 
the same i?-rank. Therefore, by Nakayama's lemma, ^ is an isomorphism. 
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To conclude we evaluate o cf) d (xij). First observe that Xyd = 7r Ei Xij, where ir £i = 
ir, 7T" 1 , 1 if i = 1, 2, 3. Therefore, 

Uijd — Xij& rn d — X{jd e m — tt *Xij€ m — ir l Uij- 

We obtain 

M' 1 o <f> d )( Xij ) = ^orfrV^o^)^) 
= c/)" 1 o r(d~ l ) o (j)(% ei Xij) 

= 0- 1 or(d- 1 )( 7 r e *Bi) 

= Xij . 

which proves (|3,40p as desired. □ 
This now also concludes the proof of Proposition 13.121 □ 



4. Pushdown maps and reciprocity laws. 

In what follows, we will assume that the group algebra Q[G] = f^M^Zj) splits as in 
(jO.ip . The extension Zi/Q is unramified at all places that do not divide the order of the 
group G. By Morita equivalence we have an isomorphism 



Ki(Q[G])^n K i(^) = n^- 



4. a. The definition of pushdown. Under the above assumptions we give one of the main 
constructions of this paper. 

4.a.l. Assume that the projective regular arithmetic surface Y —¥ Spec(Z) satisfies hypoth- 
esis (H) of the introduction. We fix a Parshin triple {r/o, T)i, 772} on Y. As seen previously 
in Section [U Oy,^^ is a finite product of discrete valuation rings 



(4.1) Y , vim = 
and OY,rj rnrj2 is a finite product of fields 

(4.2) Cy^o^i^ 



Ha Qpivia) [&*]], if Vl is horizontal 
Hp W(k(r)20)){{tf3}}, if Tlx is vertical. 



n a Qp( r ?ia)((ia)), if 771 is horizontal 
YlpQpfap ){{*/?}}, if% is vertical. 



4. a. 2. We define the push down 

(4.3) f*rior)iri2 

as follows: 



40 T. CHINBURG, G. PAPPAS, AND M. J. TAYLOR 

i) If rji is horizontal, we consider the composite of 

K 2 (6 Yj7] „[G}) = HK 2 (Q p ( Vla )((t a ))[G]) ^\ Y[Km P (.m a )[G\) 

a a 

with 

res :l[K 1 (Q p (r ]la )[G}) Ki(Q p [G]) 

Q 

where res is the restriction (norm) map given by viewing riaQpfa 1 ")^*] as a finite 
dimensional Q P [G] -algebra. 

ii) If 771 is vertical, then f^rn^ is the composite of 

K2(Oy,i) i)nj2 

[G]) = Y[K 2 (Q p (i ]w ){{t fS }}lG]) ^ HKi(Q P (V2p)[G\) 

with 

JJKi(Q p (772/3 )[G]) ^> Ki(Q p [G]) 

P 

where res is again the restriction map as above. 

Notice that we are using the inverses d~ l which by Proposition 13.81 and Proposition 
13.121 agree with the tame symbol, resp. Kato's Res map. Let us remark here that /*,j or?1?72 
is independent of the choice of uniformizers t a , tp. In the case that 771 is horizontal, this 
follows from Proposition 13.81 and the corresponding independence of the tame symbol, and 
in the case that 771 is vertical from Proposition 13. 121 and |30|. §2]. 

We now consider the restriction of f* VO mm to the image of K 2 (0 YjT)ir)2 [G]): 

Proposition 4.1. Let r\\ denote a codimension one point on Y , and let 772 < 771 be a closed 
point ofY, with residue characteristic p. Then for x in K 2 (0 YjViri2 [G]) : 

(i) f*nomm^ x ) = 1> H Vi ^ s horizontal, 

(ii) /*t) i) 1 ) )2 (i) is in Ki(Z p [G]) , 7/771 is vertical. 

Proof, (i) In the horizontal case Yjr)1TJ2 = Y\ a Qp( ? ?ia)[[^«]]> where a runs over the branches 
of the completion 771 in a formal neighborhood of Spec(0y j7?2 ). Then this restriction is 
induced by the composite 

K 2 {6 Y , mm [G] ) = J] K 2 (Q p ( Vla )[[t a }] [G] ) 11 Ki (Q p (t/ 1q ) [G] ) (Q p [G] ) ; 

a a 

and so it is trivial since by (|3.d.ip the %-sequence for each Q p (r]i a )((t a ))[G]) splits over 
Qp( 7 7io)[[^a]][C]), so that d is trivial on each factor K 2 (Q p (77i Q )[[t a ]] [G]). 
(ii) In the vertical case we get 

K 2 (6 YmV2 [G]) = HK 2 (W(k( Vw )){{tp}}[G}) ^ 

h nKi(W(fc(^))[G]) ^ K!(Z p [G]) b C K x (Q p [G]). 

□ 
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4.a.3. Let 771 be a horizontal codimension one point on Y. Then from §l.b.l| Oy^om = 
Q(r/i)((t)) is a complete discrete valued field with residue field Q(?7i). We can therefore 
form the pushdown /*,j oJ?1 

h mm : K 2 (6 Ymvi [G\) = K 2 (®( m )((t)))[G]) ^ Ki(Q(77i)[G]) ^ K X (Q[G\) 

where res is obtained as above. By the functoriality of "H-sequences and of the map d we 
have a commutative diagram: 

K 2 (0 Y ,r m AG]) -+ n, 2 K 2 (Oy, [G]) 

f*riom ^ ^ n f*vomv2 

Ki(Q[G]) -> Ki(Q p [G]). 

Here the product in the upper right-hand term extends over all 772, 772 < T]i, with residue 
characteristic p. We have therefore shown: 

Theorem 4.2. Zei 771 6e a horizontal codimension one point of Y and suppose x is an 
element in K2 (Oy )?7Qr)1 [G]). Then the product 

ri2,ri2<Vi 

lies in the diagonal image Ki(Q[G]) b C Y\ p Ki(Q p [G]). 

4.b. Reciprocity on a vertical fiber. Let 771 be a vertical codimension one point of Y. 
Suppose that the closure rj l lies in the special fiber of Y over a prime number p. 

Theorem 4.3. For x 6 K 2 (O Y , V0m [G]) we have Yl m<Vl f*r) mm( x ) = 1 in Ki(Q p [G]), where 
the product extends over all closed points r\ 2 on rj l . 

Proof. Since Q[G] splits, we can also write 

® p [G]=l[M ni (L i ). 

i 

We will use the subscript L to denote base change of Q-schemes to the field L. Similarly, we 
will use the subscript L to denote tensor product of Q-algebras with L over Q, Al = A®qL. 
With this convention we have a decomposition 



i 

and so by Morita equivalence we obtain decompositions 

(4.4) K 2 (6 Y , m [G]) = l[K 2 (6 YtrjmM ), K 2 (O Y , V0Vl [G]) = \{K 2 {6 YmrilM ). 

i i 

Notice that since Y is smooth over \G\, the base change Y <S)z is also regular and the 
morphism Y ®z C>i i —> Spec(Oi i ) is also smooth over \G\, for all i. The above shows that 
we can reduce to showing the vanishing statement to the case when G = {1} and the base 
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is the ring of integers of a finite extension L of (QL. We fix i and let L = L^. The proof of 
this now proceeds in three steps. 
Step 1. We start with 

Lemma 4.4. Given n > and k S K2(Oy i7)or)1 ) ; we can find k £ K^Cy^) such that for 
each 772 < rji, /*r7 0?)1?)2 («) an d f^ri^i^) i 71 ^i(L) = L x are in the same coset of 1+ p n Oi- 

Proof. The proof of this result is essentially the same as that of the first part of Proposition 
13.121 and so we only sketch the details. Recall that Oy mr]1 is a p-adically complete field 
with valuation v and valuation ring Cy fll . Then, by Matsumoto's theorem, x = x\ U x 2 
with Xj € CV irOTl ) x for j = 1,2. Given any n > 0, by the density of Oy 1?7o in Oy^ovn we 
can find X™ £ Oy^o with 

£j = xj • (1 +p n rj n ' ) ) where € Oy^i- 

Then we have 

4 ra) u4 n) = £i(i+pM n) *) u£ 2(i+p n ^ n) ) 

= [xi U x 2 ] • [(1 + p n r^ ] ) U x 3 ] • [X! U (1 + p n r 2 n) )] ■ [(1 + p n r^) U (1 + p n rj°)] 
and, as in Proposition 13.121 we know that the composite, 

K 2 (Oy,, om ) -»> K 2 (0y TO2 ) Ki(L) 
when applied to the three right-most terms, yields values congruent to one modulo p n . □ 
This result allows us to restrict attention to x 6 K^Oy^ [G]). 

Step 2. Recall that for each closed point ^ on we write L{£) for the residue class field 
of £. Recall, (cf. I3.13|) ). that we have the exact sequence 

K a (L(fl[[t]]) -> K 3 (L(f)(((t))) ^> i(0 X -> 1. 

We consider the various closed points £ on specializing to 772. We then have the com- 
mutative diagram: 

K 2 (K(Y)) -> © c K 2 (L(e)((*)))/K 2 (L(0[[t]]) 0^(0* 

K 2 (e>y,„ m ) -> K 2 (L(r ? 2)((t)))/K 2 (L(r ?2 )[M]) -> L(r/ 2 ) x 

where for each £, res^ denotes restriction along L(r/ 2 ) = L • Q p (??2) ^ Note here that 

we know that the image of K 2 (_K"(Y)) lies in the direct sum (and not just the product) by 
the discussion in [45] after Lemma 4.1. 

Step 3. To conclude we know from [45 \ Lemma 4.1], that the composite (given by the 
top horizontal maps in the above diagram) with the norm map 

(4.6) K 2 (i((7))4 0L(O x ^L x 

5 



HIGHER ADELES AND NON-ABELIAN RIEMANN-ROCH 43 

is trivial. By grouping the points £ above a given closed point r] 2 on the special fiber of Y 
at p and using the above diagram, we see that the composite 

(4.7) K 2 (K(Y)) K 2 (6 Y , Vomm ) ->> i(r? 2 ) x ^> £ x 
is trivial. Therefore the composite 

(4.8) K 2 (O Y , V0 ) K 2 (#(Y)) -> K 2 (Oy,, om??2 ) -> L(r/ 2 ) x ^> L x 

is also trivial, and this completes the proof. □ 
For future reference, we record the following: 

Corollary 4.5. The composition K 2 (Qp{t -1 }[(?]) -> K 2 (Q p {{t}}[G]) ^> Ki(Q p [G]), 
where the first map is induced by the inclusion Q p {i _1 } C ^ s trivial. 

Proof. Recall Q p {i _1 } := Q ®z Z p ((t -1 )) is the free Tate algebra. We apply Theorem [O] 
above to P 1 over Spec(Z) and 771 the generic point of the special fiber at p, which we denote 
l p . Denote by 2 p the closed point given by (p,t). For 

x G K 2 (® p {t- 1 }[G]f C K 2 (4 1)7?0lp [G]) 

we have 

where the product extends over all closed points r\ 2 on l p . We claim that 

(4.9) f* m i vm ( x ) = 1 for V2 + 2p. 

This will then show that /* % i p 2 p (^) = 0~ 1 (x) = 1. Suppose that with our usual notation 
Opi jr)2 = M^(A;(r/2))[[t 7?2 ]]. Then, since i] 2 ^ 2 p , we know that the image of t~ l G Opi )0 i p ^ 2 
actually lies in W(k(7] 2 )[[t V2 ]}; thus the map Q ®z -> Qp(r?2){jA, 2 }} = O P i |01p7?2 

factors through Qp (772) [[£772]]- The result then follows since the pushdown map /*oi p ?72 is 
trivial on K 2 (Q p ( m )[[t m ]}[G}) . □ 

4.c. Reciprocity for codimension one points through a given closed point. In this 
subsection we fix a closed point rj 2 of Y with residue field k (772) which we suppose to have 
characteristic p. 

Theorem 4.6. For x G K 2 (Oy, V0 t]2 [G]), we have 

W f*V0ViV2(. x ) = 1 

m ,»?i >»?2 

in Ki(Q„[G]). 

Proof. As in the proof of Theorem 14.31 we can us e Morita equivalence to reduce to showing 
that for x G K2(CV i7?0??2i l) we have 

II f*vomva( x ) = 1 in K i( L ) = L>< 
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where L is a finite extension of Q p . We let fj denote a height one prime ideal of CV ;T?2 <g>%, Ol- 
Then, as in the previous construction in Section 14. al we can form push down maps: 

f*V0Vm : 1^2(0^0,7^2, l) Ki(L). 

For k € K2(Oy,r? »?2,i) we consider the product 

n /• 

low 

17 horizontal | r\2<r\ f\ vertical | r\2<f] 

From |3CH Proposition 7] we know that this product converges to one in Ki(L). In order to 
complete the proof it therefore remains to show that if fj does not arise from a codimension 
one point of Y ®z p Ol (i.e. if fj is not globally defined), then f*rj fm 2 i. K ) = 1- For simplicity, 
we will omit the subscript L. Recall from £ jl.b.3l that CV i?7or?2 is obtained by localizing the 
complete local ring Oy m with respect to the multiplicative set of elements K(Yl) x of non- 
zero elements in the function field of Y. Thus for such fj, which do not arise as codimension 
one points on Y, we deduce that in fact k € K^CVa^) and, as fj is necessarily horizontal, 
we know from Proposition 14.11 above that for such fj we have f*T)QfjTfe ('v — ^* ^ 

4.d. Adelic push down. Our main aim here is to show that the pushdown maps associated 
to Parshin triples induce a map on the adelic restricted product group K / 2 (Ay i oi2[G]) = 
n^^K^vommlG}) <= U( V0 , m , m ) K 2(OY, mmm [G]) (see Definitional. To be more 
precise, the above considerations show that we have a map on each K2(Oy fl0))1 ^ [G]). We 
wish to show that this extends, in a natural convergent manner, to a pushdown map 

(4.10) /-=][ /* V0V1V2 

[G]) ] [ K!(Q P [G]). 

For this we first need: 

Proposition 4.7. Let rji denote a vertical codimension one point of Y and let 7/2 < rji 

denote a closed point which is not contained in the closure of any other vertical codimension 
1 point. If x is in K 2 (Oy i?)2 [r/f 1 ][G]) b , then f* rmim {x) = 1. 

Proof. From Theorem 14.61 we know that 

Cl,»?2<Cl 

Let £1 denote a codimension 1 point with 7/2 < £1 which is different from 771. It will suffice 
to show that /* w ^ 1 ^ 3 (x) = 1. This follows from the inclusion Oy^iVi 1 ] C Oy t £ iri2 , our 
assumption, and Proposition 14.11 □ 

Proposition 4.8. For any x = (x V0V1V2 ) in K' 2 (AYfii2[G]) , the infinite product of push- 
downs Y\ /*?7of?i»72 ( x vomm) converges to an element of the restricted product FT Ki(Q p [G]). 

Proof. We must show that the product ri 2 ) f*vomm^ x vomm)-' wriere we consider closed 
points 772 of residue characteristic p, is 77-adically convergent in Ki(Q p [G]), and that for 
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almost all p, it converges to an element of Ki(Z„[G]) b . We write this product as 
(4.11) 

f*rioViV2 (Zr/OViVz) = f*V0ViV2 ( x W?l^2 ) ' .A770771772 (^770771772 ) • 

(771,772) Vi horiz., r]2<r]i Vi vert., t? 2 <»7i 

We start by considering the first product. By (PK1) together with Proposition 14.11 only a 
finite number of r\\ will contribute non-zero terms; moreover each rji meets the special fiber 
Y p of Y at p at a finite number of closed points, and so we see that the first product affords 
only a finite number of non-zero terms for each prime p. Moreover, applying (PK2) (with 
k = 1) to such an rji, we get that for almost all 772 < rji 

x m e K 2 (Oy, rM2 [G]) b • K 2 (<^for 1 ][G]) l \ 

The first term has pushdown in Ki(Z p [G]) b . Notice that by ^JTJ for almost all 772 < rji, 
Oy^IVi 1 ] — W(k(rj2))[[t]][l/gi] where g\ gives a local equation for fj\. Using this and the 
construction of d we can now see that for almost all 772 < rji (in characteristic p) , the second 
term also has pushdown that lies Ki(Z p [G]) b . 

To conclude we consider the contributions to the second product for the given prime 
number p. So we assume that 771 G Y p and suppose 772 < rji. Given a positive integer k, by 
(PK2) we know that the product 

/*77o »7ir72 ( x VQ Vl m) 

V2,V2<Vl 

may be written as a finite product multiplied by a product of terms pushed down from the 
groups K 2 {d Y , Vim [G},{p k )t and K 2 {0 Y , m 1 ][G f ]) k . From g3X3] and the construction of 
the push-down, we know that 

7*770771772 

By Proposition 14.71 we know that if 772 is a smooth point of the reduced special fiber of Y 
at p, then 

/^ ir/2 (K 2 (ay, r/2 [ ?? r i ][G])) = i. 

Since there are only a finite number of non-smooth points on the reduced special fiber, 
we conclude that the product is p-adically convergent. Moreover, since the special fiber is 
smooth for almost all p, we have also shown that, for almost all p the contribution from the 
second product lies in Ki(Z p [G]) 1 '. □ 

We also have: 
Proposition 4.9. Consider the intersection 

H K' 2 (A Yij [G]f ) n K 2 (A y , 012 [G]) C K 2 (Ay, 012 [G]) 

of subgroups in the unrestricted product K2(Ayoi2[G]). If x lies in this intersection, then 
/*(x) = ri(77o,77i,r7 2 ) f*vovim( x ) converges to an element in Ki(Q[G]) b • l\ p K1 (Z p [G]) b . 
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Proof. Suppose we write x = a i • a±2 ■ ao2 with € K 2 (Ay^- [G] ) . By Proposition 14.81 we 
know that the product f*(x) = Y\{ m , ni , m ) f*mmm( x ) converges in U' p Ki(Q p [G]). Similarly, 
the product /*(a i) = H( mJ m,m) f*mrnmi a vom) converges to an element in Ki(Q[G]) b by 
Theorems 14.21 and 14.31 (which assure us that for aoi we get contributions only for a finite 
number of horizontal 771). By Remark 12.31 the element ao2 belongs to the restricted product 
K 2 (Ay i oi2[G]) and therefore the product 

/*(^02) = f*voviV2( a "nov2)- 

converges. In fact, using the definition of K 2 (Ayo2[G]) and Proposition 14.71 we see that, 
in the above product, for a given prime p, only a finite number of pairs 772 < r}\ with 772 
over p can give non-trivial contributions. Indeed, these are pairs of two types: either 771 is 
horizontal and on the support of the divisor D (as per definition of K 2 (Ayo2[G])) and 772 
is an intersection point of fji with the special fiber at p; or 771 is vertical over p and 772 is 
a singular point of the special fiber of Y. Now by rearranging this product and using the 
reciprocity law for codimension one points through a closed point (Theorem 14. 6p we can see 
that it is equal to 1. Hence we have /*(ao2) = 1- We can conclude that the product 

/*(ai 2 ) = /* 
also converges to an element in U p K i(® P [ G })- 

Since each individual term f*^^^^^) 1S 
m Ki (Z p [G]) b (where p is the characteristic of 772), we conclude that /*(ai2) converges to 
an element in FT Ki(Z p [G]) 1 ' and the result follows. □ 

4.e. Push down on the equivariant second Chow group. It follows from Proposition 
14.81 and Proposition 14.91 that /* = Yl( vo m V2 ^ f*r) mm induces a well-defined group homo- 
morphism 

K 2 (Ayo 12 [G]) n;Ki(Q p [G]) 

(Uo^j^iHvlG}?) nK' 2 (Ay, i 2 [G]) ~~ ^ K 1 (Q[G])^n p K 1 (Z p [G]) b " 

We notice that the source of this map is naturally identified with CH^ (Y[G]) while, by the 
Frohlich description £12.c.ll the target is naturally isomorphic to C1(Z[G]). Hence, we obtain 
a group homomorphism 

/* : CHi(Y[G]) -> C1(Z[G]). 

5. Transitions matrices and the first Chern class 

We return to the assumptions and notations of §2.b[ Suppose now that £ is a CV[G]- 
bundle; that is to say £ is a locally free coherent Oy [G]-module of a given rank, which 
we denote by n. For each point 77 of Y we choose an Oy,ri[G] -basis e n = {e^}^ =1 of the 
completed stalk £ v = £ v <8>o r @Y,r)- For a given Parshin triple {770,771,772} we then have 
transition maps A %r?j . £ GL n (Oy i%r?j . [G]) with 

(5-1) ( e vJh = Kvr ( e 5,)fc 
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for < i,j < 2. Note that we have the obvious relation \^ irik = A % ^. • \ jm - 

5. a. Construction of the first Chern class. 

Theorem 5.1. With the above notation: 

(a) Yl Det(A r?or?1 ) lies in the restricted product K[ (Ayfli [G] ) C Y\ Ki(CV,»?o»?i [G]); that 
is to say all but a finite number of terms are in K'^Oy^ [G])^ ■ 

(b) The class 0/11™ Det(A^ ^ 1 ) in the first adelic equivariant Chow group CH\(Y[G]) is 
independent of the choice of bases. 

Before proving the theorem we use it to make the following definition: 

Definition 5.2. The first adelic equivariant Chern class of £ in CH\(Y[G]), denoted c\{£), 
is the class represented by Det(A r)or?1 ). 

Proof, (a) The generic basis {e^ Q }™ =1 is an Oy (C/)[G]-basis of £ for some non-empty open 
Zariski set in Y; this therefore gives an Cy fll [G]-basis of £ for all but a finite number of 
codimension one points rji; and so A J?or)1 G GL n (0y j7n [G]) for all but a finite number of 
codimension one points 771 . This shows (a). 

To prove (b), let {e^.}^ =1 denote a further system of bases for £. Then 

= lvo-(4 )k for 7*70 e GL n (6 YjV0 [G]) 
«)fc = 7m-«)* fOT l Vl EGL n (d Y , Vl [G]) 
and so for each codimension one point r)\ of Y we have the equality 

therefore working with the <i-bases we get the new product of determinants 
]^Det(7 r;o A r;or , 1 7 m 1 ) = Det(7 r)0 ) J^Det(A r?or , 1 )Det(7~ 1 ) 

and the result follows since 

Det( 7r?0 ) G K 1 (O y , r?0 [G]) b , Det( 7m ) G K^dy^ [G])f. 

□ 

Remark 5.3. Let M be a locally free finitely generated Z[G]-module which defines an 
0s [G] -bundle £ = M on S = Spec(Z). The above construction gives a Chern class c\{£) in 

,5.2) cHi (s[G |) n;K l( Q P [ G1 )) 



Ki(Q[G]) b n p Ki(Zp[G]) 

In this case, we can see [T7] that the map M 1— > c\(M) gives an isomorphism C1(Z[G]) — > 
CH A (5[G]). In what follows, we use this isomorphism to identify C1(Z[G]) with CH^(5[G]); 
this is the negative of the isomorphism given by the classical Frohlich description of the class 
group C1(Z[G]) (cf. E| . 
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6. Elementary structures and the second Chern class 

The definition of the second adelic Chern class is more involved. We first need some 
prerequisites. 

6. a. The Steinberg extension. 

Let R denote a commutative ring and G a finite group. Recall from £ |2.al that GL(R[G]) 
denotes the full general linear group over the group ring R[G] and E(i2[£r]) is the subgroup 
of elementary matrices with entries in R[G]. Recall from |46} Chapter 4.2] and |32l Section 
5] that we have the Steinberg group St(i?[G]) which sits in the central exact sequence 

(6.1) 1 -> K 2 (R[G}) -> St(R[G]) -> E(R[G}) -> 1. 

6.a.l. Suppose G is a central group extension 

I ^ G ^ H ^ I 

of a group H by a group A. If c, d are two elements of H, we may choose lifts (preimages) 
c, d, cd, of the elements c, d, cd of -ff in G. We can then define 

z:=cd- (d)' 1 • (c)" 1 € A. 

Although z depends on the choice of lifts of these three elements, we will sometimes abuse 
notation and write the element z as z(c,d). We will refer to these elements as "cocycles" 
since if s : H — s> G is a set-theoretic section of G — ¥ H, then the map z : H x H — > A given 
by z(c, d) = s(cd) ■ s(d)~ 1 • s(c) _1 gives a 2-cocycle with values in A. 

The following lemma will be applied repeatedly to the Steinberg central exact sequence 
(|6,ip and its variants. 

Lemma 6.1. Suppose b,c,d € H. Fix a choice of a pre-image h € G of each element h 
in the sequence c, d, b, cd, db, cdb. These choices allow us to define as above the elements 
z(cd,b), z(c,d), z(c,db), z(d,b) of A and we have 

(6.2) z(cd, b)z(c, d) = z(c, db)z(d, b). 

Proof. This is just the two-cocycle relation of [471 Chapter VII. 3, p. 121] since A is central 
in G. Notice here that we do not require that the lifts of two elements in the sequence that 
are equal are also equal. □ 

6.b. Elementary structure. We continue with the assumptions and notations of ^2.bl 

Definition 6.2. Suppose £ is a Oy[G]-bundle. An (adelic) elementary structure on £ 
is an equivalence class of choices of OY,rn[G]-bases {e^.}h of £ m = £ ®o Y ®Y,m with the 
property that for each Parshin pair {rji,rjj} on Y the image of the transition map A %r;j . in 
GL^Oy^rjj [G]) lies in the subgroup of elementary matrices E(Oy iT)iJ? . [G]). Here, another set 
of OY,r]i[G]-bases {c^}j of £ is called equivalent to {e^.}h if it is related to {e^}/, by an 
elementary base change i.e, when we write d Vi = n Vi e Vi , then [i m is elementary in the sense 
that n m G E(d Y , v AG})- 
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Remark 6.3. a) In what follows, we will omit the adjective "adelic" and talk simply of 
elementary structures. 

b) Having an elementary structure is a stable property, i.e an Oy [G] -bundle £ has ele- 
mentary structure if and only if the bundle £ Oy [G] n does for some n > 0. 

c) If £ supports an elementary structure as above, then its first adelic Chern class c\ {£) 
is trivial. Indeed, we then have Det(A J?0J)1 ) = 1. The converse is not necessarily always 
true; roughly speaking, the reason is the non-vanishing of various SKi terms which are not 
detected by c\{£). It is however, true when G is trivial, see below. (Recall that we are 
assuming that the arithmetic surface Y is regular.) 

d) If the group G is trivial, then one can easily see that an Oy-bundle has an elementary 
structure, if and only if the determinant det(£) is a trivial line bundle. In that case, £ 
supports a unique elementary structure. 

6.c. The second adelic Chern class. 

The second adelic Chern class will only be defined for bundles with elementary structure 
on suitable arithmetic surfaces. We suppose assumption (H) on Y is satisfied; we also 
continue to suppose that the group algebra Q[G] splits. 

6.c.l. We start by showing the following properties of elementary transitions. If is an 
element of E(Oy jViVj [G]) we will denote by A^ an element of St(Oy tViVj [G]) that projects 
to XrjiT} ■ For simplicity, we will sometimes omit the subscript Y from the notation. 

Proposition 6.4. Suppose that £ is an Oy[G]-bundle with elementary structure given by 
the bases {e^.}h with corresponding transition matrices in E(0 ViVj [G]). Then we also 
have: 

1) There is an effective divisor D on Y containing all vertical fibers over primes that 
divide the order of G such that for every Parshin triple (r]o, rji, ?y 2 ) on Y we have: 

a) X V0V1 belongs to E(O m C E(6 VoVl [G\), 

b) \ mm belongs to E(O m [D~ l ][G\) C E{6 mm [G\). 

2) For all lifts A %% of X ViT]j with A^^ in St(O m [D^ 1 ][G]) , \ niTI2 in St(0,j ir?2 [G]), and 
\ mm in St(0^ 2 [D^ 1 ] [G]), the element 

(vo,m,V2) 

lies in the group 

K 2 (Ay i0 i 2 [G]) • K 2 (A y , 12 [G]) b • K 2 (Ay, l[G]) b . 

Proof. Recall Y is integral so there is only one rjQ which we denote by 0. We will first show 
(1). Since (9„ is the function field K(Y) of Y, there is a divisor D CY such that the give 
an OfyfG] -basis of £\u, where U is the open complement of D in Y . For simplicity, we will 
omit the superscript h. By increasing D, we may assume that D contains all the vertical 
fibers of Y over primes that divide the order of the group G. Now notice that if rji, i = 1, 
2, lie in U, then both eo and are bases of £ over Vi and so the transition A„ o77j lies in 
the intersection E(O mr)i [G])(lGL(0 Vi [G]). Since the order of the group G is invertible here, 
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we have by Morita equivalence and Corollary E(O noVi [G]) = SL(O r?0% [G]), E(O r?i [G]) = 
SL(O ni [G]). Hence, A 0% lies in E(O m [G]) = E((D Vi [_D _1 ][G]) as required. Now suppose 
that 7]i, i = 1, 2 is on D. If i = 1, there is nothing to show since O^lD^ 1 ] = 0§ rix . 
Consider i]2 on D. Both eo and e m are bases of £ over O m \D~ x \ and as above we have 
X 0r)2 G E(O 0m [G}) n GL(C>^[Z?- 1 ][G]). The order of G is invertible in the rings O 0ri2 , 
(D V2 [D^ 1 ] and we are assuming that the group algebra Q[G] splits. Hence, we can apply 
Morita equivalence and Corollary 12.81 to show that the group rings Oq V2 [G], O m [D~ l ] [G], 
have trivial SK^. Hence, as above, the intersection E(CJ 0r?2 [G]) H GL(O m {D~ l ][G\) is equal 
to E(0 V2 [D" 1 ] [G]) and we have just shown (1). 

We will now show (2). First, we will show that we can adjust the bases at codimension 1 
points r/i to make sure that the new transition matrices @r)ir}j have lifts 0^^^ for which (2) 
is satisfied. We will not change the bases for rji off D. If i]\ is a component of D we have 

\ 0m eE(6 0m [G}) = $U6 0m [G}). 

By Lemma 12.91 we have 

(6.3) SL(6 0m [G]) = SL(O 0m [G]) ■ SL(6 m [G]). 

Hence, we can write Ao^ = f 0r)1 ■ fJ>' m with fjf m € SL(O vl [G]), ^ 0r?1 G SL(Oo 7)1 [G]). Now use 
that by Corollary 12 . 1 1 1 the natural map 

(6.4) SK 1 (O w [G])^SK 1 (0 7?1 [G]) 

is surjective to find a matrix g G SL(O r?1 [G]) such that [g] = [n' m ] in SKi(O m [G]). Our new 
basis at 771 is f Vl = fj, m ■ e m where fj, m := g~ l ■ ii' ni is in E(0 Vl [G]). Now we can write 

and observe that o?n := u' 0m ■ g is actually in SL(O 0m [G]) = E(O 0vi [G]) = E(K(Y)[G]). 
We leave all the other bases e m unchanged, i.e we set fo = eo, f m = e m-> ano - fm = e m ^ Vi 
is not on D. Hence, if 771 is on D, we have: 

(6.5) 0o»7i = ^0r)i ' Mjjj j 9or)2 = Ao»;2' @ViV2 = I^Vi ' ^VlV2' 

On the other hand, if r\\ is not on D, the transitions do not change: 

(6.6) #0r7i = Aojjj, 6() m = Aojjjj 9rnm = \im- 

The new bases / r?i give an equivalent elementary structure; we can also see that they satisfy 
(1) for the same divisor D. We will now explain how to pick lifts O^-qj of r)irtj so that 
the corresponding cocycle z{9) = 11(0,771 ,773) ' (^W) -1 ' (#0r,i) _1 lies in K 2 (A i2[G]) • 

K 2 (Ay, 12 [G]) b . 

a) Suppose 771 is not on D. Since (D-q 2 \D ^] C (D^^, and O-qi C C^ir^ we can view all 
transitions #o??u $o»? 2 ; ^ir? 2 as elements of E(C? mr?2 [G]); we pick lifts 6 mrij in St(O r?ir?2 [G]) 
and we can see that at such triples (0, 771,772) we have 

(6-7) z(e) {0tVim) eK 2 (d Vim [G}). 

b) If 771 is on D, then by the above the transition 9q Vi is in E(K(Y)[G]). Therefore, we 
can find a divisor D' C Y with 771 not in D' such that V = Y — (D U D') is affine and 
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6 0m comes from an element of E(O y (V)[G}). We pick a lift 9 0m G St(0 Y (V)[G)). Notice 
that it follows that f m = 9q • /o is a basis of £ over V. Since f m is also a basis over the 
completion of the local ring O m of Y at 7/1, we conclude that / r?1 is in fact a basis on a 
Zariski open W CY that contains both V and 771. 

Now suppose that 772 < 771 is away from the finite set of points of 771 that do not belong 
to W and the singular points of D on all fibers of Y. Then O y (V) C O^D- 1 ] = O^r^ 1 } 
and so both 9o m and 9q V2 can be viewed as elements of E(O m [t/J -1 ] [G]). 

Let us consider f° r such 772 < 771. Since 7/2 is in W, both / r?1 and f m are bases at 7/2 
and therefore 

17 7^772 

(i) If 771 is horizontal, since 7/2 is on W, 772 does not lie on any vertical component of 
D. Therefore, the order of G is invertible in O m and SKi(O m [G]) = (1) which gives 
SL(6 m [G\) = E(O m [G]). Hence, in this case 9 mm is in E(O m [G)) C E(O m 1 ][G]). 

(ii) We obtain the same conclusion, i.e 9 Vir)2 is m ^(0^ if Vi is vertical but is away 
from the prime divisors of the order of G. 

(iii) Suppose now that 771 is a vertical fiber over such a prime divisor p of #G. We will 
then check that #771772, which by the above is in SL(O m [G]), is actually in E{O m [G\). For 
this, it is enough to check that the class [^r^] in SKi(0.^ 2 [G]) is trivial, bmce "r)\r)2 is m 
E(O mm [G]), the image of [6 , r?ir?2 ] under 

(6.8) SK 1 (a r/2 [G])^SK 1 (O mr;2 [G]) 

is trivial. Since O m ~ W(A;)[[T]], — W(k){{T}} with k the residue field of 772, by 

Corollary 12.131 (b). the map (|6.8p is injective. Hence, [#771772] = 1) an d therefore #771772 is in 
E(O m [G]). 

To recap, we have that for 771 on D and for almost all 772 < 771, 

9 0m G E(0, 2 [7 ? r 1 ][G]), 9 mm G E(6 rn [G}) 

(with 9 mm G E(O r?2 [G]) if 771 is horizontal or vertical away from #G). 
For these (almost all) 772 < 771 , pick lifts #0772 

G St(O r/2 [?7 1 X ][G]), and 9 mm G St(6 V2 [G]), in 
addition to our lift O t?i G St(0 Y (V)[G]). All these lifts map to elements of St(O m [r/Jf 1 ] [C]). 
Indeed, when 7/1 is vertical over p|#G, E(0,, 2 [G]) C SL(O r?2 [7/f x ] [G]) = E(6 m [7/f x ] [G]) with 
the last equality following from Proposition 12.71 and Morita equivalence. For all the other 
finite set of 772 < ??i pick lifts 9 Virij such that 9o V2 G St(C?.^ 2 [D _1 ][G]), #771773 G St(O viri2 [G]). 
Notice that for almost all 772 < 771, we have 

(6.9) z(9) 0mjV2 = 9 0m ■ (^r 1 • (V)" 1 G K 2 (6 m [rj^][G]). 

Now in view of (PK1) and (PK2) of Definition 12. 2| (|6.7p and (|6.9p implies that the cocycle 
z(9) given using these lifts 9 mr]j of 9^. lies in the group 

K 2 (Ay,oi2[G])-K2(Ay il2 [G]) b . 

Finally, we want to compare z{9) with z{\) which is given by lifts as in the statement 
of (2). If 771 is not on D then 2(^)0,771,772 = z (^)o,77i,772 - Suppose that 771 is on D. Pick a lift 
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jx\ of \i\ 6 E(C T)1 [G]) to St(O m [G]). By Lemma [6TT1 we have the cocycle identity, where for 
simplicity, we replace the subscripts rji, r\2 by 1 and 2: 

(6.10) 2(0)0,1,2 = z(m, A12)" 1 • z(A) ,i,2 • z(X ifi^ 1 , iii) 

where we set (recall #01 = A01 • /^f 1 , 6*12 = Ml ■ A12) 

z(^\i2) = e 12 ■ (x^r 1 • {h)~ l 

^(Aoi/u^ 1 ,^!) = A i ■ (/Ii) -1 • (0oi) -1 - 

The first expression is in K2(O m7l2 [G]) and the second in K 2 (Oo m [G] ) . Therefore, by the 
above, for almost 772 < f?i on D, the cocycle ^(A)o, m ,^ 2 nes m 

^(^[^[GD-Ka^JG]) -K 2 (<V[G]). 
We can conclude that z(A) lies in the group 

K 2 (Ay 012 [G]) •K 2 (Ay il2 [G]) b •K 2 (Ay, i[G]) b . 
as desired. □ 

6.C.2. Assume that the CV[G]-bundle £ has elementary structure {e^. }h with transition 
matrices Xq iT1 , . Let the element 

*(A) := J] A^ 2 • (A^)" 1 • (V,,)" 1 € K 2 (A m2 [G]) • K 2 (Ay 12 [G]) b • K 2 (Ay i0 i[G]) b . 
be as in (2) of Proposition 16.41 above. 

Definition 6.5. Assume that the OY[G]-bundle £ comes equipped with an elementary struc- 
ture as above. We define the adelic second Chern class C2(£) of £ to be the class of z(X) in 
CH^(y[G]). (Note that this is in fact an abuse of notation since this class actually depends 
on the choice of elementary structure of £, and not just on £ alone.) 

The following result implies that C2{£) only depends on £ with its elementary structure 
and is independent of the choices involved in the definition. 

Theorem 6.6. a) The class z(X) in CH&(Y[G]) is independent of the choice of lifts X VlVj 
used in the definition of z. 

b) Let {/-irji} be an elementary base change and put — A^A,^./!" 1 for the elementary 
transitions in the new basis. For any choice of lifts 9^. that satisfy the requirements of 
Proposition \b-4\ (2) we have 

z{\) ■ z(e)- 1 g H o< ^ <2 K' 2 (A Y ,AG]t 

As a result, the class of z(X) in CH^(y[G]) is unchanged by an elementary base change. 

Proof of Theorem \6.6\ (a). We suppose that we have two choices of lifts A^, X'^.; we 
then have 

^(A)o,i,2 = Ao2(Ai2)~ 1 (Aoi)" 1 
z(A')o,i,2 = A' 2(A / 12 )" 1 (A' 01 ) _1 . 
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(For simplicity, here we drop the symbol r\ from the subscripts.) It then follows that 

z(X) ■ z{\')- 1 = Aos^r^Aoi)- 1 • A'oiAiaCA'oa)- 1 . 
It will suffice to prove that for each < % < j < 2 we have: 

(6.11) J] (Xij)~% eK' 2 (A^[G]) b . 

This easily follows from the definitions (see Definition l2.2j) and Proposition l6.41 For example, 
consider i = 0, j = 1. In this case, we have A %m G E(CV )J?1 [G]) for almost all r}\\ hence for 
such 771 we have chosen A wr)1 , X' Vom G St(0y )Tn [G]) and therefore 

Proof of Theorem \6.6\ (b). By definition for each i 

(6.12) i, Vi eE(d Y , rh [G}) 

and so it certainly follows that 6 ViVj G E(Oy !T]ir)j [G]) , i.e {^ry} are elementary. 

Our base change can be performed in three steps: in each step we alter the bases only 
at points in codimension 0, 1 and 2, by each of n vo , fi m or /i r?1 respectively. For ease of 
notation we again write /ij, resp. Ay, for fi Vi , resp. etc. 

Step 1. Here we just change the base at 770 by //„ . The new transition matrices are 
#01 — A*oAoi, &02 = A*o A 02, #12 = ^12- We choose lifts Ajj, 9ij as in Proposition 16.41 We also 
choose a lifting fiQ of /xo as follows: there is a divisor Z}^ C Y that contains all the vertical 
fibers at primes that divide the order of the group such that U = Y — is affine and /io 
lies in E(0y (U)[G]); we pick a lift /2o in St(Oy ([/)[G]). As a result, for almost all 771, fiQ 
maps to St(CV jr?1 [G]), and for all ?7 2 , maps to St(CV jr?2 [-D" 1 ] [G]). By Lemma IBTTl applied 
to the subset {A i,Ai 2 = 6 , i2,Mo,A 2 = AoiAi 2 ,6> i = /xoAoi,#02 = H0X02 = W)AoiAi 2 } of 
St(C , yor ?lf?2 [G]) we have 

(6.13) z(e i,0 12 ) = 2:(/i Aoi, A12) = z(/^ , Aoi)" 1 ^^, A iAi 2 )2:(Aoi, A12) 

= z(/i , A i) _1 z(/io, A 2)^(Aoi, A i2 ) 

where 

z(ho,Xqi) = M0A01 • (Aoi)^ 1 ^)" 1 G K 2 (Oy m [G]), 

2(/4), A02) = W)Ao2 • (Ao2)~ 1 (Ao)~ 1 G K 2 (Oy %% [G]). 

Notice that from Proposition 16.41 (a) and our choice of /io, we can see that Yl ^(/io, Ao 2 ) 
is in K' 2 (Ayo 2 [G]). Similarly, Yl Vl z(/j,q, Xqi) is in K 2 (Ayoi[G]). The result then follows 
since we have shown 

2(A) • Z0)- 1 G n o<4<J<2 K 2( A ^'[G']). 

Step 2. We now change the bases at iji by [i rjl . The new transition matrices are given by 
#01 = Aoi/i^f 1 , 6*02 = A02, 6*12 = wAi 2 . We choose a lift fix G St(Oy r?1 [G]). By Lemma IBTTl 
we have 

(6.14) z(9 i, 12 ) = ziXom^ 1 , ^1X12) = z(/_n, Ai 2 ) _1 z(A i, Ai 2 )z(A i^ 1 , /-n) 
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where 

2(/il,Al 2 ) = FlAl2(Al 2 )^(/il)^GK 2 (dy i , 1))2 [G]) 

z(AoiMrVi) = ^oiih)' 1 ^^ 1 )' 1 eK 2 (6 YtVom [G]). 

By hypothesis, A i is in E(d)y ?n and so H m ^(Aoi/uf 1 , m) is in K' 2 (A Y ,oi [G] ) . The 

result then follows. 

Step 3. We now change the bases at r/2 by ju~ (the inverse is for ease in the notation 
below). The new transition matrices are then given by 0oi = Aoi, #12 = A12//2, #02 = Ao2^2- 
In addition to the lifts Xij, Oij we choose lifts \l m € St(0 YjTj2 [G]) . By Lemma IBTTl we have 

(6.15) 2(001,012) = ^(Aoi, A12M2) = 2(Ai2,/U2)~ 1 2(AoiA 12 ,^2)2(Aoi, A12) 

= 2(Ai2,/U2)~ 1 2;(Ao2,M2)2(Aoi, A12) 

where 

«(Al2,M2) = Ai2^2 (A2)~ 1 (Ai2)~ 1 6 K2(C , y jjyir;2 [G]) 

«(Ao2,^2) = A 2^2 (A2)~ 1 (A 2)~ 1 G K 2 (Oy, r;o , ?2 [G). 

Since A02 and 002 = Ao2^2 are in St(CV iJ)2 [-D" 1 ] [G]), for some divisor D, the last expression 
contributes a term ^(-^02 , ^2) in K 2 (Ay ) o2[G]) and the result follows. This completes 
the proof of Theorem 16.61 □ 



7. Equivariant Euler characteristics and the Riemann-Roch theorem 

We can now state our main result concerning equivariant coherent Euler characteristics. 
We refer the reader to [6] or [7] for the construction of the projective equivariant Euler 
characteristic. See also the beginning of the introduction. Recall that we can identify the 
locally free class group C1(Z[G]) with both the kernel Kp cd (Z[G]) of the rank map and with 
the quotient K (Z[G])/(Z[G]). We will denote by x P (Y,£) the image of the projective 
equivariant Euler characteristic x P (Y,£) in C1(Z[G]) = K (Z[G])/(Z[G]). 

Theorem 7.1. Let Y be a regular flat projective scheme over Spec(Z) of dimension 2, with 
structure morphism h : Y —¥ S = Spec(Z). Assume in addition that Y satisfies assumption 
(H) and that Q[G] splits as in Let £ be an Y [G]-bundle which has an elementary 

structure in the sense of Definition \6.SX Then 

(7.1) x P (Y,£) = -K(c 2 (£)) 

m C1(Z[G]) = K^ cd (Z[G]) = CHi(S[G]). 

Suppose that £ has rank n. Since £ has elementary structure, c\{£) is trivial and the 
usual Riemann-Roch theorem for the generic fiber Yq shows that the rank of x P (Y,£) is 
equal to that of X P (Y, Y [G] n ). Since X P {Y, Y [G] n ) is the class of a free Z[G]-module, the 
above formulation of the main result is equivalent to the one in the introduction. In £j8]we 
reduce the proof of this result to the case Y = P 1 = Pi. When Y = P , a stronger result is 
proved in §§\ 
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8. The proof of the theorem; reduction to the case of P|. 

Throughout this section we suppose that h : Y Spec(Z), G and £ are as in Theorem 
17.11 By a result of B. Green (see [21] and [20] but also [8]), there is a finite flat morphism 
7r : Y — > P 1 = Pi,. Let / : P 1 — > Spec(Z) be the structure morphism, so that h = f o n. 
Let d be the degree of vr. We can view V = Uomo pl (vr*Oy [G} n , O w i) and V = ir*0 Y [G] n 
as locally free Opi [GJ-modules of rank nd. Parts (iii) and (iv) of the following result imply 
Theorem 17.11 . 

Theorem 8.1. Let £ be an Oy\G\-bundle with elementary structure. 

i) The bundles 7r*(£) © V and V' V are locally free and have elementary structures as 
Opi [G]-bundles. They therefore have well defined second Chern classes C2(tt*£ © V) 
and c 2 (V © V) in CH^P 1 ^]). 

ii) There is a push down map vr* : CR\{Y[G}) CH^P 1 ^]) induced by ir : Y -> P 1 . 
One has 

(8.1) c 2 (tt*(£) © V) = 7r*(c 2 (£)) + c 2 (V © V). 

iii) There are equalities of equivariant Euler characteristics 

(8.2) X P (Y,£) = x P (W\k*£) = x P (lP 1 ,vr^ffiV) 

in C1(Z[G]) = K£ cd (Z[G]) = CHi(S[G]). 

iv) VFe Ziawe 

X P (P\7r*£©V) = -/*(c 2 (7r^©V)) = -/*(7r*(c 2 (5))+c 2 (V / ©V)) 

(8.3) = -/*(tt*( C2 (£))) = -K{c 2 {£)). 

Notice that, in view of (i), the first equality in part (iv) above follows from the case 
Y = P 1 of Theorem EU 

8. a. Constructing bundles with elementary structures. 

Lemma 8.2. Suppose R is an arbitrary ring. There is an order two automorphism a of 
Ki(ii) = GL(R)/E(R) = GL(i?) ab induced by the anti-involution a : A ->• A 1 on GL(R), 
where A* is the transpose of the matrix A. This involution is trivial if and only if for all 
A € GL(i?) ; the block matrix 

'A 

,0 (A t )-\ 

lies in E(i?). This is the case, in particular, if R is commutative and SKi(i?) is trivial. 



(8.4) 



Proof. By the Whitehead Lemma, E(i?) is the commutator subgroup of GL(i£). If [A, B] = 
ABA" 1 B" 1 is a commutator, then c([ J 4, B]) = [(B t )~ 1 , (A" 1 )*] is also a commutator. Hence 
E(R) is stable under a. Since {AB) 1 = B t A t for all A, B £ GL(R) and Ki(i?) is the maximal 
abelian quotient of GL(i?), a defines a group automorphism of Ki(R). By |46} Corollary 
2.1.3], the block matrix 

'A 
A~ l 
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lies in E(jR) for all A € GL(R). Hence a (A) = A 1 equals A in K X (R) if and only if ([831) lies 
in E(i?). If A commutative and SKi(>l) is trivial, then a is trivial since det(j4) = det(^4*). 

□ 

We do not know whether a is trivial for arbitrary R. 

Proposition 8.3. Let £ be as in Theorem \7.1\ The direct image ir*£ is a rank n locally 
free sheaf of ' 7r*OY[G]-modules on P 1 = W\ as well as a locally free sheaf of Opi [G]-modules 
of rank nd. The sheaves V = Homo ¥l (tt*Oy [G] n , O v i) and V' = tt*Oy [G] n are locally free 
(Dpi [G] -modules of rank nd. 

i) There are equalities of equivariant Euler characteristics 

(8.5) x P (Y,£) = X P ^\^£) and x P (P\ V) = ^(P 1 , V) = 0. 

in C1(Z[G]) = K r cd (Z[G}) = CHi(S[G]). 

ii) The bundles tt*£ ©V and V'ffiV have elementary structures onP 1 . The restrictions 
o/7r*£"0V andV 1 ®V to the zero section o/P 1 define locally free 7L\G\-modules which 
are stably free. 

Proof. The first equality in (|8.5p is clear. Since V and V' are induced from the trivial 
subgroup of G, they have trivial stable Euler characteristics as in (|8.5|) . We now show (ii) 
for the bundle 7r*£ © V, since the case of V' © V is similar. 

We will use to denote a point of Y. By assumption, there is a set of Oy ^/fG] bases 
{ e «'}/i °f £®£>y &Yri' which has the properties of Definition 16. 21 when one replaces r\i in this 
definition by n\. Here h runs from 1 to n = rank 0y [ G ] {£). Suppose rj is a non-degenerate 
Parshin chain on P . Proposition 11.51 shows that 

(8.6) d P i jV ® 0pl k*O y [G] = ffi^ 67r -i (j7) Y , n >[G] 
where rf runs over the Parshin chains on Y over n. We thus have 

(8.7) tt*£ ®o rl Opi, v = ®rfe7r-Hv) £®o y Oy, v '- 

The bases {e\ }h together with the isomorphisms (|8.6p and (|8.7p give a set of local bases 

'i 

{e^.} for it*£ <S>e> pl Ap 1 ,^ as a {t{*Oy®o v \ Opi^JfGj-module, where r\i ranges over the points 
of P 1 . 

We now consider transition matrices. Let r\ = {r}^r}j) be a non-degenerate Parshin 
chain of length two on P 1 . We then have a transition map A,, in GL n (Opi ir? <8>o pl 7r*Oy[G]) 
determined by the bases {e^. } and {e^ } for the completion of ir*£ at r\i and r]j, respectively. 
The isomorphisms (|8.6p and (|8.7p identify with the direct sum of the transition matrices 
A^' which result from taking {e^.} (resp. {e^. }) as a basis for the completion of £ at each 
point n't (resp. rfj) of Y over rji (resp. rjj). 

We can choose a basis {w^}e for (7r*Oy) % as a free module for Opi jr?i at each point 
7/j of P 1 which has the following properties. The index t runs from 1 to the degree d of 
7r : Y — > P . If r/o is the generic point of P , then to^ = w Vo for almost all codimension 1 
points rji. For each codimension 1 point rji, we can arrange that for almost all closed points 
rjj on the closure of rji, the basis element wf.. equals w^.. 
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Returning now to our original set-up, we have obtained a basis W m = {w^e^.}^ for 
Opi iJ? . <8>e> pl vr^f as a free module for Opi [G]. 

Recall V' = 7r*Oy[G] n , which we may consider as either a 7r*Oy[G] -module or as a 
Opi [G]-module. Let {e' h }h be a global basis for V' as a free 7r*Oy [G]-module of rank d. 
Then W^. = {w^.e' h }e t h gives a basis for V^. = (tt*]/)^, as locally free Opi ^JG] -module of 
rank nd. 

We use the bases W Vi , W Vj , W^. and to arrive at transition matrices Xw,rj and Aw, 77 in 
GL n d(Opi )J? [G]) for vr^f and V' considered as locally free Opi [G]-modules. Note that \w',ri 
lies in GL n d(Opi v ) , i.e. its entries have group ring elements which are in fact constants. To 
compare Xw,rj and \w',ri, we will use the embedding 

r 3 : GL n (O pli% Opl vr*Oy[G]) -> GL nd (O pl)7? . [G]) 

which results from the basis {w^}(_ for (7T*Oy)ry as a free module for Opi . This extends 
by tensor product with Opi jr) to an embedding 

(8.8) r, : GL n (O pl>r? Opl vr*Oy [G]) GL nd (6 P i |?? [G]) 

where n = (rji,rjj) as before. Composing rj(\ v ) with the transition matrix \w',ri associated 
with changing bases for V' from the to W^. gives the transition matrix \w,r) associated 
with changing bases for the completion of ir^S from W rij to W^. We thus have the matrix 
equation 

(8.9) Xw, v = ^W',r) ' r j{^v) 
inside GL nd (6 ¥ i )T] [G}) . 

As in the statement, let V be the locally free Opi [G]-module of rank nd defined by 

Hom 0pl (tt*Oy [G] n , O p i) = Uom 0rl (V, Opi). 

Let W^* be the basis for V which is the O p i dual to the basis W^. for V' at r/j. Then the 
transition matrix \w'*,rj associated to this choice is 

(8.10) ^W'*,r, = (*W>,r))~ 

where the superscript t on the right stands for the transpose. 

We conclude that the transition matrix for tt*£ © V' has the block form 



.11) 



( \w>, v ■ rjiXr,) \ = {A \ (r 3 {\) N 
^ (AW"7 V0 (A')-V ' I 1, 

where A = Xw',rj- To show n*£ © V' has an elementary structure, it is enough by Definition 
6.2l to show that each of the two matrices on the right side of (|8.1ip is elementary. The first 
matrix is elementary by Lemma 18.21 since the entries of A lie in the commutative local ring 
P i ^ and SKi(Opi „) = {1} for all Parshin pairs n by Corollary 12.81 The second matrix on 
the right hand side of (|8.1ip is elementary because A^ is so by assumption and r 3 is a ring 
homomorphism. 

The last statement to prove is that the restriction of ir^S ffi V to the zero section of P 1 
is a stably free projective Z[G]-module. This restriction has an elementary structure as a 
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projective Z[G]-module. Therefore, its transition matrices have trivial determinant Det and 
hence this module is stably free by resolvent theory in dimension 1 (e.g |17j). □ 

8.b. Steinberg extensions over Y and over P 1 . Let (i]i,rjj) stand for a Parshin chain 
of length two on P 1 . For simplicity, we will denote by Rij, resp. Sij, the ring Opi tVirj ., resp. 
Oy^i-qj = tt*Oy C^Opi Opi^ i71 . . A choice of basis of Sij over Rij yields a homomorphism 

r : GL^jlG]) ^ GL nd (Rij[G]) 

which induces a map on elementary matrices 

r E : E n (Sij[G\) -> E nd (Rij[G\) 

and we get a diagram 

1 -> K 2 (Sij[G}) St(Sij[G]) E(Sij[G]) -> 1 

(8.12) \.r K ir s ir E 

1 -> K 2 (Rij[G\) -»• St(Rij[G]) -> E(i^[G]) -> 1. 

Suppose now that we change bases by a matrix c € E(i?jj) and we then replace re by 
= c _1 rg;c; since c elementary it has a lift s(c) £ St(i2j,) and conjugation by this element 

in independent of the lift, as two such lifts differ by an element of K2(-Ry) which is central; 

finally, conjugation by s(c) on K 2 (Rij[G]) is trivial and so r s ^ = vk- 

More generally, reasoning as above, if we choose c E E(i?oi2[G\|) (in fact c € E(i?oi2) will 

suffice for our purposes) and consider the effect of conjugation by c, denoted when necessary 

conj(c), then we get a diagram: 

1 -> K 2 (i^[G]) -> St(i2ij-[G]) § E(i^[G]) -> 1 

TTjj 

(8.13) 4,conj(c) .Iconj(c) J,conj(c) 

1 -> K 2 ( J R lJ [G]) c -> St(i? 4J [G]) c % C E(i? 4J [G]) c -> 1. 

Here and Sjj )C denote sections and K 2 (i?j.,'[G]) c , St(Rij[G]) c are just formal copies of 
K 2 (Rij[G]), St(Rij[G]), while E(R ij [G]) c is the conjugate in E(i? i 2 [G]). Note here that for 
the images in K 2 (R 012 [G}) we have (K 2 (R tj [G]) c ) b = (K 2 (R tJ [G]) b ) c = K 2 (^-[G]) b . Note 
also that the right-hand square commutes with respect to the ir maps, but not necessarily 
for the section maps: to be more precise we have: 

Lemma 8.4. Given x E E(Rij[G]) we have k = Sij tC (x c )sij(x)~ c £ K 2 (Rij[G]) c . 

Proof. By definition k is the product of two elements in St(Rij[G]) c and it will suffice to 
show that k £ ker(7Tjj )C ). To this end we note: 

^"ij',c(^) — 7tij,c(Sij,c(% )) ' 7tij,c(Sij (•&) ) 
— 7tij,c(Sij,c(% )) ' ^ij(.Sij(xy) 

= x c -x- c = l. 



□ 
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8.c. Base change. Let {ej} be a basis for £ ®o Y &i over ^[^l- (There is an additional 
implicit subscript we will suppress which runs from 1 to the rank of £ .) Let ej = Hijej. 

Let {aj n }^ =1 be a basis for Si over Rf, we let (aj n ) n = Aij(a,j n ) n and, as in the proof of 
Proposition 18.31 we write 



U4) A; 



A v 



We then have bases [ai n &i)n for £ ®o Y &i over and hence a further set of transition 

matrices 

(8.15) (flm e i)n = Xij ' ( a jn e j)n 

so that the bundle ir*£ © V has transition matrices 



A 



Xij 



We observe that by the very definition of the map : GL n (<%[(?]) — > GL nc ;(i?j[G]) we have 
the further equality: 

(8.16) ia in ei) n = r^j) ■ (a in ej) n . 

Next we observe that by definition of r k 

Tki.Hij) ' {o , kn ( ^j)ri = iflkn^i)n 

while 

AfciAjjAj/j ■ (ofc n 6j) n — A/jjAjj ■ {(ljn€-j)n — Afcj ' {flin^i)n — (flkn&i)n- 

Therefore, we deduce that 

(8-17) r k (iHj) = ^KjAjk, r{{^) = 

where 



1/ ' 



and hence 

(8-18) Xij = A ik r k (nij ) A kj , A^- = A\ k r[ (^ ) A* j . 

From (|8.17p we conclude that for all k, h one has 

(8.i9) MAMAi* = 4 = 4A(^K 

and so 

(8-20) rl( PlJ ) = A« AW WA^ = AW(^)AL- 
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8.d. Reduction step outline. 

Lemma 8.5. Assume the notation and hypotheses of Theorem \ 7.1\ and Proposition \8.3l 
The finite flat morphism ir : Y — > P 1 = P^ induces a pushdown homomorphism 

(8.21) vr* : CH!(Y[G]) CHl(P 1 [G]). 

The composition of the morphism tt : Y —> P 1 with the structure morphism f : P 1 — >• Spec(Z) 
gives the structure morphism h = f o tt : Y — ¥ Spec(Z). There is an equality of pushdown 
homomorphisms 

from CHl(F[G]) to C1(Z[G]) = K r cd (Z[G]) = CHi(Spec(Z)[G]). 

Proof. Setting i = 0, we fix a basis for the local ring Oy^ = 7r*CV ®0 p i Cp 1 ,^ a * * ne 
generic point rj' of F as a free rank d module over Opi jr)0 when r/o is the generic point of P . 
This basis defines an algebra map ro : Oy^Tfup [G] — > Md(0^i mvir]2 [G]) for every Parshin 
triple riorum on P 1 , where Oy jVomV2 — ir^Oy ®o p i C^p 1 ,r]oviV2 ^ s ^ rie direct sum of Oy^^^ 
over all Parshin triples ^q 7 ?! 7 ?^ on ^ lying over %??i??2- This ro gives a diagram 

1 -> K 2 (5oi 2 [G]) St(5 i 2 [G]) E(5oi 2 [G]) 1 

(8.22) J, r | r | r 

1 -> K 2 (^ i 2 [G] -> St(i? i 2 [G] -> E(i2oi 2 [G]) -> 1 

for every Parshin triple % ? ?i ? ?2 = 012 on P , using a notation parallel to that in £ |8.bl We 
wish to show that we can define the map 7T* in (I8.2ip by applying ro to every local component 
of an element of CH^(Y[G|). To show that this is well-defined we have to show that ro 
takes the numerators to numerators and denominators to denominators in the definition of 
CH|(Y[G]) and CH^P^G]) in Definitional 

Suppose x lies in the numerator of CH^(Y[G]) and that rf is a Parshin triple on P 1 
which involves 770 and another point rfk of P . Suppose that in computing the component 
ro(x)' ri of ro(x) we replace the basis for Oytf as a module for Opi )W by a basis for Oy >r)k = 
~n*Oy ^Opi Qp 1 ,^ as a module for O p i j7?fc . This changes the algebra homomorphism ro to 
the algebra homomorphism r^ which results from conjugating ro by the transition matrix 
X\V' rtor/u ■ This matrix need not be elementary, but it does have constant coefficients. Let 
\yy, be the matrix having a block in the upper left corner equal to ^w^ r) k an d a one- 
by-one matrix block in the lower right corner with entry det(Avi/' jW??fc ) _1 . Then Ajy, also 

conjugates ro to r&. Since AL, has determinant 1 and has coefficients in Rq^, AL, 
is elementary by Corollary 12.81 Since St(i?oi 2 [G]) is a central extension of E(i?oi2[G]) by 
K 2 (.Roi2[G]), the conjugation action of a lift of \\y, to St(-Roi 2 [G]) does not depend on 
the choice of this lift. Furthermore, this conjugation action is trivial on K 2 (i?oi2[G]). We 
conclude that in the above recipe for computing 7r*, we are free to replace ro by r^ when 
computing components at Parshin chains n of P 1 which involve rjk- 

The first step in showing that x — > ro (x) gives a well-defined homomorphism 7T* on second 
adelic Chow groups is to show that if x £ K' 2 (Ay i oi 2 [G]), then ro(x) € K 2 (A P i 012 [G])- From 
Definition 12.21 we see that this assertion amounts to saying that if x satisfies conditions 
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(PK1) and (PK2) then vq(x) satisfies these conditions when Y is replaced by P . Consider 
condition (PK1). For all but finitely many codimension 1 points 771 on P 1 , the component 
x v'v' 1 v , 2 °f x a * eacri Parshin triple of Y for which rj[ lies above 771 will satisfy the condition 
in (PK1), namely 

(8-23) X v' v' 1 V 2 € K 2( ( ^l',r?i^[G']) b 

for all 772 € fj'i- In determining the component rQ(x) mniri2 we are free to replace ro by the 
homomorphism r\ defined above using local bases at the point rji. Since r\ comes from 
an algebra homomorphism Oy^ xm [G] — > M^(Opi mr]2 [G]), we see that (|8.23|) implies ro(x) 
satisfies (PK1) for Pi. The remaining assertions one must prove in order to show 7r* is a well 
defined homomorphism from CH|(y[G]) to CH^P 1 ^]) 

can be proved in a similar way. 
Let 77 = (770,771,772) be a (non-degenerate) Parshin triple on P 1 . Then L = Opi ^ is the 
total fractions of the product of discrete valuation rings R = Of,\ mV2 . We suppose that 772 
has residue characteristic p. Then N = L ® i tt^Oy is a product of the fields given by the 
multicompletions of Oy at the Parshin triples of Y lying over 77. We must show that there 
is a commutative diagram 

(8.24) K 2 (N[G])^+K 2 (L[G]) 

(f°*h>^ J* 

Ki(Q p [G]). 

Since N and L are products of fields of characteristic 0, we can reduce to the case in which 
G is the trivial group by Morita equivalence. There are now two cases to consider, both of 
which are dealt with by |30j. If 771 is horizontal, then /* and (/ o 7r)* are tame symbols, 
and ()8.24p is commutative by [301 Lemma 3]. If 771 is vertical, then and (/ o 71")* are 
Kato's residue maps, and the result we need is shown on page 160 of [30] . four lines above 
Proposition 3. In fact, in this case, the res map for N is constructed from the res map on 
L via the norm map 7r*. □ 

Proposition 8.6. Assume the notation and hypotheses of Proposition HOI and Lemma [875\ 
above. Then we have 

(8.25) 7r*(c 2 (£)) + c 2 (V' V) = c 2 (7r*(£) V). 
The proof of this result will be completed in §8.el 

8.d.l. We now summarise how the results proved thus far will reduce the proof of Theorem 
[Qto the case of Y = Pj. 

Part (i) of Theorem 18.11 follows from Proposition 18.31 (ii) . Part (ii) of Theorem 18.11 is 
shown by Lemma [8. 51 and Proposition 18.61 The equalities in part (iii) of Theorem 18.11 follow 
from Proposition 18.31 (i). The equalities in part (iv) will be shown in Theorem 19.21 of the 
next section using Proposition 18.31 (ii) to show that hypothesis (b) of Theorem 19.21 can be 
stably satisfied for T = © V and T = V © V. 
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8.e. Proof of Proposition 18.61 In this section we will prove Proposition 18.61 via cocycle 
calculations. These calculations will require repeated use of Lemma [6. 11 and in this Lemma 
one must make choices of various lifts in order for the identity in the Lemma to apply. 
We start by forming adelic cocycles that give representatives for the classes c 2 {ir*£ © V), 
7T*(c 2 (£ )) and c 2 (V' V) in CH^P^G]). These will be given by choosing lifts to suitable 
Steinberg groups of elementary transition matrices which are as in Proposition 16.41 These 
lifts have to satisfy the conditions of this Proposition 16.41 (2) with respect to some divisor 
A in P 1 which contains the fibers over the primes dividing the order of G. We will call such 
lifts acceptable. By Theorem I6.6| we can calculate using any set of acceptable lifts. 

To make the notation more clear we will use s^,„i k (A) instead of A for a lift to the Steinberg 
group associated to a Parshin chain rj^ . . . iji k of an elementary matrix A. (Although the 
notation might be suggesting this, we are not choosing sections of the Steinberg sequence.) 
Recall that we have elementary transition matrices Ajj • for the Opi [G] -bundle ir*£ © V. By 
Proposition 16.41 we can choose acceptable lifts: 

A ) «oi(A 01 ), s 2(A 02 ) of Aj ls A 02 . 

Similarly, for V' © V and its transitions we can choose acceptable lifts 

B) ^(A^ofAf;. 

We can also choose acceptable lifts 

c ) soi(rjJOuoi)), si 2 (r|(/xi 2 )), s 02 (rjj(/x 02 )) of the matrices rjj(/i i), r|(/ii 2 ), rj(/u 02 )- 

(These last three matrices in (C) are integral in the sense of Proposition 16.41 (1) with 
respect to some divisor A in P 1 which contains the fibers over the primes dividing the order 
of G. This follows since jiij are elementary transition matrices for the Oy[G]-bundle and 
so they satisfy the conclusion of Proposition 16.41 (1) over Y for a divisor D on Y. Indeed, it 
is now enough to take any A that contains the image of D under ir : Y — > P 1 together with 
the complement of the open of P 1 where the generic basis of tt^Oy involved in the choice 
of ro is actually a basis.) 

Starting from these lifts we now also consider lifts of some additional elements as follows: 

D) We lift \\ 2 = A[ 2 ■ r|(/ii 2 ) by setting 

(8-26) s 12 (\{ 2 ) := S12 (A| 2 ) • s l2 {r\{^ l2 )). 

E) We lift rS( W2 ) = A» 2 • r 2 ( W2 ) • (A^)" 1 by setting 

(8-27) s 012 (4(fi 12 )) := s 02 (A 02 ) • s 12 (r 2 (M) ■ MA^)" 1 . 

F) We lift A 01 • A* 12 = r\{m 2 ) ■ A 02 = Aj 2 • r 2 ( W2 ) (see flES}) by setting 

(8.28) s i2(A i • A tt 12 ) = s i 2 (r^(^i 2 ) • A 02 ) = s i 2 (A 02 • r|(// i2 )) := s 2(A 02 ) • si 2 (r\{m 2 ). 

Using these lifts, we can now calculate our various cocycles. We denote by z(X^) the 
adelic element with components 

(8.29) z(A»)o,i,2 = ^(A 01 ,A} 2 ) := So2 (A 02 ) • ^(A^)" 1 • soi(Aji)" 1 - 
Similarly consider z (A") to be the adelic element with components 

(8.30) z(A\ 1>2 = z(Al,A\ 2 ) := So2 (A 02 ) • .^(A^)" 1 • soi^i)" 1 - 
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Also consider the adelic element z(r\{^)) with components 

(8.31) *(r8(/i))o,i,2 = z( r o(m), 4(^12)) ■= s 2(rl(m)) ■ ^(^(/i^))" 1 ■ soirfOxoi)) -1 - 

The class of z(X^) in CH| i (P 1 [G]) corresponds to C2{ir*£ © V). By the construction in Lemma 
18,51 the class of 2(tq(//)) corresponds to 7r*C2(£). Finally, the class of z(A$) corresponds to 
c 2 (V © V). Thus Proposition 18.61 will follow if we can show that 

(8.32) z(\«) -zirib,))- 1 -z^)- 1 G [J K 2 (Ap Mj [G]) b . 

0<i<j<2 

Lemma 8.7. We /iai>e an equality 

^( A oi> A i2M r oW), A oi) = ^( r o(Moi)A i,A} 2 )2;(r5(/ioi),A 01 ) 

(8.33) = z(rj>(/i 01 )XiAf 2 MA 01 ,A» 2 ) 
w/iere 

^(4i> A i2) = ^( r o(m)A i,A5 2 ) = so2(A 02 )si 2 (A tt 12 )~ 1 soi(A^ 1 )^ 1 
z(/o(/ioi),A 01 ) = soiCAjjsoiCAjj-^oirfC/ioi)) -1 
^(foGuoi^A^A^) = s 02 (A 02 )soi2(A 01 A tt 12 )" 1 soi(^(^oi))" 1 
^(<,A{ 2 ) = S oi2(A 01 A« 12 ) Sl2 (A» 12 )" 1 S oi(A 01 )- 1 
with all lifts as defined in (A)-(F) above. 

Proof. We just need to show the second equality; this is an application of Lemma 16.11 for 
c = 7q(//oi), d = Aq 1; b = \\ 2 , cd = Ag 15 db = A^A^, cdb = A 02 with their lifts chosen as in 
(A)-(F). □ 

We note that z(r Q (nQi), Aq-J G K2(i?oi[G]); in fact, for almost all rji, we have rg(/xoi) G 
GL(i?i[G]), A 01 G GL(i?i [G]), and so 

(8-34) H *(r§(/xo*), aJJ G K 2 (A pl , 01 [G]) 

which lies in the denominator of CH| i (P 1 [G]). 
Lemma 8.8. PFe /iai>e an identity 

(8.35) z(t'5(//oi),4(/xi2)A5 2 )5;(t'5(//i2),A 02 ) = z(^(/xoi)rg(/ii 2 ), A^ 2 )z(rg(/i i), ^(/xi 2 )) 

= *(rj| (^02 ) , Aj 2 )£(r J (^ioi ) , rj (//i 2 ) ) 

where 

z0o(/*Ol),fo(/il2)A5 2 ) = S02(4(M02)A^ 2 )s 12(^(/il2)A^ 2 )~ 1 Soi(4(/ioi))" 1 

«(r5(/ii 2 ),Ai 2 ) = soi2(^o(Mi2)A 02 )s 2(A 02 )~ 1 soi 2 (^(^i2)) _1 

«(» - o(A t Ol) r o(A»12) J Aj 2 ) = z(r^(^02),A^ 2 ) = S02(^(/i02)A 02 )s 2(A 02 )" 1 S02(^(^02)) _1 
^o(^Ol),?Wl2)) = S 02 (4(M02))s012(?'o(Ml2))" 1 SOl(^o(A i Ol))" 1 

with the lifts defined as in (A)-(F). Note here that 7q(//o2)A 02 = A 02 and therefore we take 
so2(?"o(//o2)A 02 ) = s 2(A 02 ). Recall that we also have rg(jUoi)r5(/i 12 ) = ^(/U 02 ). 
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Proof. We just need to show the first identity. This follows from Lemma 16.11 applied to 
c = roOoi), d = r50i 2 ), b = A 02 , cd = rJ(/i i)r-J(/xi 2 ) = ^(^02), d& = r5(^i 2 )A 02 , 
cd6 = rQ(/ioi)? , o(A*i2)Ao2 = Tq(//o 2 )Aq 2 = A 02 and their lifts as specified in (A)-(F). □ 
Note that 0(70(^02)1 A 02 ) € K 2 (i?o 2 [G]). In fact, the following stronger statement is 
true. We chose lifts which are acceptable relative to some effective divisor A on P 1 which 
contains all the vertical fibers over primes which divide the order of G. Therefore the 
lifts s 02 (r()(W)2), S02(Aq 2 ) and s 02 (ro(/i 02 ) ■ A 02 ) lie in St(i? 2 [A~ 1 ] [G]). This implies that 
z(rQ(/io2), Aq 2 ) € K 2 (R 2 [A~ 1 ][G}) for all choices of r\ 2 . We conclude from this and Definition 
E2Kb3) that 

(8-36) J],, ^oW), A 0r?2 ) e K 2 (A pl)02 [G]) 

which lies in the denominator of CH| i (P 1 [G]). 
Corollary 8.9. There is a congruence 

(8.37) z(A«) -zirlin))- 1 = ]J z(r«( m2 ), A",)" 1 • z(A» l5 A« 12 ) 
in CHKP 1 ^]). 

Proof. Because of (|8.34p . (|8.33p gives the congruence 

(8.38) z(A») = [J *(HW)A5i,A} 2 )= II ^(m),ALA s 12 )-z(A« 1 ,A a 12 ) 

(»/i.»7a) 

in CED|(P 1 [G]). Because of (f8736l) . (1535]) gives the congruence 
II z ( r o(^oi),^o(Mi2)A^ 2 ) -2:(r5(//i2),A5 2 ) = JJ z(r5(//oi)r5(/ii2),Al 2 ) • 2(rJ(/i i),rJ(//i 2 )) 

(8.39) = z(rl(fi)) in CH^G]). 

Multiply ([535]) by the inverse of ([539} . We conclude that z(A a ) • z(r^))- 1 is equal to 
(8.40) J] 0(rj( m ), A 01 A} 2 ) • z(A 01 , A« 12 ) • z(r ( M oi), r* (/^A^)" 1 ■ zrfW, A^)" 1 . 

(»71.»?2) 

in CH^P^G]). We have A 01 A!j 2 = 7-q(//i 2 )Aq 2 by (|8. 18j) and by our choices two terms on 
the right side of (|5T20|) cancel to give (|5T37) . □ 

We now expand the right hand side of (I8.37p . By definition we have 
(8.41) z(r«( m2 ),A« 2 )- 1 -z(A» 1 ,A» 12 ) = 

(*oi 2 (r8(Mi2)) • *o 2 (A 02 ) • s 012 (rl((M 12 ) • A^)" 1 ) • ( S0 i 2 (A 01 a! 2 ) • s 12 (\\ 2 r 1 • soi^)- 1 ). 

Notice that A 01 A| 2 = Tq(^i 2 )Aq 2 and S012 (^0(^12) ' A 02 ) = soi2(Ag 1 A^ 2 ) and so the middle 
terms on the right in (18.41H cancel. This and the expression for 5012(^0(^12)) in <|8.2Tj> show 

(8.42) z(r»(/, 12 ),A 02 )- 1 .z(A 01 ,A» 12 ) = 

S02 (A 02 ) • s 12 (4(vi2)) ■ ^(Aq,)- 1 • S02 (A 02 ) • s^r 1 ■ soMlr 1 = 

s 2(4 2 ) ■ si 2 (rl0M) • si2(Af 2 )~ 1 • soiiAlr 1 - 
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We now use the expression for si 2 (\\ 2 ) in (|8.26[) to have 
(8.43) z(ri( (H2 ),Al 2 )- 1 - Z (Al,\{ 2 ) = 

so2(Ao 2 ) • s 12 (rl(fMi 2 )) ■ (si 2 (A\ 2 ) ■ si 2 (r|(/ii 2 ))J • soi^T 1 = 

s 02 (Al 2 ).s 12 (Al 2 )- 1 .s 01 (Al)- 1 = 

Plugging this into the right hand side of (|8.37p shows (|8.32[) . and this completes the proof 
of Proposition 18.61 □ 

9. The proof of the theorem; bundles over P| 

9. a. Bundles over the projective line P . Let R be a commutative ring and let G be a 
finite group. Let P 1 = P R be the projective line over Spec(-R). Thus P 1 is covered by two 
affine patches Aq = Spec(i?[t]) and A^ = Spec(i?[t -1 ]) glued along Spec(i?[i, t -1 ]). If L is a 
module for R[G] ®RR[t] = R[G][t] (resp. R[G] ®r let L be the corresponding sheaf 

of R[G] -modules on Aq (resp. A^). The following is a variation of a result of Horrocks. 

Theorem 9.1. Let R be a finite field or a Dedekind ring with finite residue fields. Let £ 
be an O-pi [G]-bundle, i.e. a finitely generated locally free Opi [G]-module. Then there is a 
finitely generated locally free R[G]-module A4 such that 

£ lK ~ (M®^R[t\) and ~ (M ^R[t~^]). 

In particular, if R is a field or a local Dedekind ring then M is a free R[G]-module. 

Proof. We first show that it will suffice to prove there is an isomorphism of R[G] [t]-modules 

(9.1) T(A^,S)~M® R R[t] 

for some Ai as in the Theorem. For then, on replacing Aq by A^, we will have shown there 
is a finitely generated locally free free i?[G]-module M 1 such that r(A^ ,<5) ~ Ml ®r R[t]. 
This will imply there are t~ 1 ]-module isomorphisms 

M <8>ij R[t, r 1 } ~ T(Al C\A{,£) ~ M' ®r R[t, r 1 ]. 

By tensoring these isomorphisms with the i?-algebra surjection R[t, t" 1 ] — > R which sends 
t to 1 we find that A4 ~ Ai' as R[G] -modules, so Theorem 19.11 will follow. 

Suppose now that R is a finite field. To prove (|9.ip it will suffice to show that T(Aq,£) 
is a free R[G] [i]-module. Let r(R[G]) be the quotient of R[G] by its maximal two-sided 
nilpotent ideal n(R[G\). Because £ is a locally free Opi [G]-module, we have an exact 
sequence of sheaves 

(9.2) -> n(R[G]) ® fl[G] £ -> £ -> r(R[G}) ® R[G] £ -> 0. 
Since Aq is affine, this gives a surjection 

(9.3) T(A , £) r(Aj, r(i?[G]) ® R[G] £). 
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The stalk £p of £ at each P € Aq is the localization T(Aq,£)p of T(Aq,£) at P since Aq is 
affine. 

Let m be the rank of the locally free £. Suppose we prove there is an isomorphism 

(9.4) (r(R[G])[t]r * T(Air(R[G}) ® R[G] £) 

of modules for r{R[G\) ®r R[t] = r(R[G])[t]. Lift a set of m generators for the r(i2[G])[i]- 
module r(Aj, r(R[G]) *8>r\g] £) via the surjection (|9.3 j) . Because n(R[G]) is nilpotent in 
(|9.2p . this produces m elements of T(Aq,£) which generate the stalk £p = F(Aq,£)p at 
each point P € Aq. This gives a homomorphism ip : (i?[G][i]) m — > £ which localizes at each 
P to an isomorphism of locally free Opi p[G] -modules. Thus tp is an isomorphism, so when 
R is finite we are reduced to showing (|9.4p . 

The ring r(R[G]) is semi-simple and is thus isomorphic to a finite direct sum (BiRi of 
simple /2-algebras Ri. Since R is finite, Ri is isomorphic to a matrix algebra Mat ni (fcj) for 
some finite extension ki of R and some integer iii > 1. Thus r(R[G]) <&r[g] £ is isomorphic 
to ®iEi where Ei is a rank m locally free i?j-module on P 1 = P R . Therefore to show (|9,4D , 
it will suffice to show that T(Aq, Ei) is a free rank m module for Ri ®pR[t\ = Ri[t]. There is 
a Morita equivalence between the category of modules for Ri = Mat ni (fcj) and the category 
of vector spaces over ki. This implies that it will suffice to show that a locally free rank m 
sheaf Tj of fcj-modules on P R has the property that 

(9.5) r(A5,Ti) ~ (h ® R R[t]) m = (h[t]) m 

as /ci[^]" m °dules. Here Tj corresponds to a rank m vector bundle on ki <£>r V r = P^,., so 
the isomorphism (|9.5p follows from |26[ Theorem 1]. This completes the proof when R is a 
finite field. 

Suppose now that R is a discrete valuation ring with finite residue field k and uniformizer 
7r. Since Aq is affine and £ is a locally free OpiJGj-module, we have an exact sequence 

o ->■ vr • r(Aj, £) r(Aj, £) r(Aj, fc ® R £) o 

where T(Aq, k <S>r £) — T{k ® Aq, k ®r £) is a free k[G] [t]-module by what has already been 
shown for finite fields. On lifting generators and using Nakayama's Lemma we see that 
r(Aj,£) is a free R[G] [t] -module. 

Finally, suppose R is a Dedekind ring with finite residue fields. Following Quillen |44] 
we will call an i?[G][i] -module M extended if it is isomorphic to ./V <g>/? R[t] for some locally 
free -R[G]-module N. This implies iV is isomorphic to M/tM. By what has already been 
shown for discrete valuation rings, for each maximal ideal m of R, the localization 

r(Aj, £) m = T(R m ® R Al, R m ® R £) 

is an extended -R m [G] [t]-module. To complete the proof it will suffice to show that M = 
T(Aq,£) is an extended i?[G][t]-module. We briefly sketch how this follows from Quillen's 
patching Lemma ( |44t Theorem 1]). 

First observe that since we do know that M OT is extended, when we let N = M/tM, the 
localization N m is a locally free i? m [G]-module of rank equal to the locally free rank m of 
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£. Since R is a Dedekind ring and m ranges over all maximal ideals of R, this implies N is 
a locally free -RfGJ-module of rank m. 

As in [H], let S be the set of / G R such that Mf is extended as a module for ify 
It will suffice to show that 1 G S. The argument in the first part of the proof of Theorem 1 
of [H] shows that it will suffice to show that if fo, f\ G S and Rfo + Rfi = R then 1 G S. 
Suppose / G S. We have 

Eom Rfm] (N® R R f [t],N® R R f [t]) = Rom R[G] (N, N ® R R f [t]) 
(9.6) = R f [t]® R A = A f [t] 

when A = End^Gj (N). The remainder of the proof of Theorem 1 in [H] now applies 
because A is allowed to be non-commutative in |44[ Lemma 1]. □ 

9.a.l. Suppose that Mq is a finitely generated locally free i?[G]-module and 7 an element of 
the group Aut(M ® R R[t, t~ 1 }) of the R[G][t, t~ 1 ]-linear automorphisms of Mq ® R R[t, i -1 ]. 
Then, glueing Mq ® r R[t] and Mq ® r by using 7 provides a a finitely generated 

locally free O v i [G] -module £ = £(Mq,~/). By Theorem 19.11 if R is a finite field or a 

Ft 

Dedekind ring, every finitely generated locally free ¥ i [G]-module £ is of this form. We 
then call (Mo, 7) "Horrocks data" associated to £. When Mq ~ R[G] n is free, we can 
identify GL n (R[G][t,t~ 1 ]) with the group Aut(Mo ®r R[t, i™ 1 ]) by sending g to 7 9 given by 
Tn 1 — y ttl ' g . Then we write the Horrocks data (Mo,7 9 ) simply as (Mo, g). 

9.b. The adelic Riemann-Roch theorem over P^. 

9.b.l. We first show a special case of our main result over P 1 = P^. Write / : W\ — > S = 
Spec(Z) for the structure morphism. We continue to assume that the group algebra Q[G] 
splits in the sense of Definition 12.91 

Theorem 9.2. Suppose J- is an Oj>i[G]- bundle of rank m on P 1 = P^ which satisfies: 

(a) The reduced Euler characteristics x(P\ J 7 ) q G K (Q[G]), and x(P x , T)i v G K (Z p [G]), 
for all primes p, are trivial; 

(b) The 'Z[G]-module obtained by pulling back T along Spec(Z) — > P 1 given by t = 1 is 
stably free. 

Then 

i) The sheaf J- has an (adelic) elementary structure. Therefore, the first Chern class 
c\{J-) is trivial in CH^(P 1 [G]) and the second Chern class C2(J~) is defined in CH| i (P 1 [G]). 

ii) We have the Riemann-Roch identity 

(9-7) X P (1P 1 ,^) = -/*(C2(^)) 

in G1(Z[G]) = K^ cd (Z[G]) = GHi(Spec(Z)[G]). 

Proof. Recall that, by definition x(P 1 ,^ 7 )q = xi^^h ~ x{^ 1 , O p i [G] m ) Q and similarly 
for x(P 1 )-7 r )z p - Notice that by our constructions, the statements (i) and (ii) are true for T 
if and only if they are true for the bundle F © Opi [G] n for some n > 0. Also ^(P 1 , F)q = 
x(F\T®0 ¥ i[G} n ) Q , x(P\.F) Zj , = x^ 1 ,^ ®0 P i[G] n ) Zp . By Theorem EH assumption 
(b) and these observations, we may assume that the sheaf T is given by Horrocks data 
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(Z[G] m ,7 9 ) where g € GL m (Z[G][t,t Hence, we can write T = £(L ■ g 1 ) where 
L = Z[G][t] m and in our notation (see gUd]) , 



V g = 5{L Q -g~ l ) - S(L ) = det( J Rr(P 1 ,^)) -det( J Rr(P 1 ,C P i[G] m )). 

This shows that assumption (a) implies that the matrix g G GL m (Z[G][i, t^ 1 ]) actually 
belongs to GL' m (Q[G][t, t' 1 ]) and to GL' m (Z p [G] [t, t" 1 ]) for all primes p. Denote by [g] 
the class of g in Ki(Z[G][i, t -1 ]). In the next paragraph, we will denote g by gq when we 
consider it as an element of GL^ (Q[G][t, t -1 ]) and by g p when we consider it as an element 
of GL/^ZpIGHM" 1 ]). Recall now that 

C1(Z[G]) = K T cd (Z[G\) = CHi(S P ec(Z)[G]) - n p Ki(Q p [G]) 



Ki(Q[G]) • n p Ki(Z p [G]) b 

To calculate a Ki-idele in IlpKi(Qp[G]) which maps to ^(P 1 ,.? 7 ) under this map we argue 
as follows. Choose trivializations 

aq : [0] ^ (V g )q = (det(i?r(P 1 ,J-)) -det( J Rr(P 1 ,0 P i[G] r 



«z p : [0] ^ (V g )z p = (det(i?r(P 1 , J 7 )) - det(RT(F 1 , F i[G] m )))z p 

and consider, for each prime p, the element a~ l ■ aq in the group Auty^^QO]) = 
Ki(Q p [G]). The Ki-idele (a~ l ■ aq) p represents ^(P 1 , J 7 ). By the definition of the central 
extensions, the elements aq, a p correspond to lifts gq = wq(gq), g p = w p (g p ) of gq, g p in 

1 Kx(Q[G]) -> HiQlG^t- 1 ]™) -> GL/ m (Q[G][M -1 ]) 1, 



1 Ki(Z p [G]) -)• H(Z P [G] [t,t~ l ] m ) GL^(Z p [G][t,t- 1 ]) -> 1. 
We can now write (recall # p = <?q = 5 in GL^(Q p [G][i, t -1 ])) 

(9-8) gQ-dp 1 = (9Q,aQ)(9p,oi p y 1 = (gq,aq)(g~ 1 ,a p gp ) 

= (l,(a p 3p ) gil ■ aq) = (l,^ 1 ■ aq) = a' 1 ■ aq. 

Hence, a~ l -aq = gq-g p l with the product calculated in T~L(Q p [G] [t, t -1 ]) and we conclude 
that 

(9-9) x P (W\j r )=i[C9Q-~g p - 1 ) 

p 

in K- d (Z[G]) = (n;K 1 (Q p G))/K 1 (Q[G]) • U P ^i(Wf- 

To show the Riemann-Roch identity, we will express the element in the right hand side 
of (j9.9|) as the negative of the push-down of the second Chern class of J 7 . We continue by 
giving first some preliminaries. 
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9.b.2. Recall the set-up and definitions of ^2.d[ Let R be an integral domain with fraction 
field N of characteristic 0. Let N c be an algebraic closure of N. Consider the base change 

Using Lemma 12.61 we can see that the kernel of this is equal to SKi(i?[t, i _1 ][G]). Recall 
that the Bass-Heller-Swan theorem gives a homomorphism 

b R : K^R^r^G]) -> K (R[G}) x K^iJfG]). 

The base change Ki(i?[G]) — > Ki(i2[£,t _1 ][G]) splits the second projection. The map b 
is an isomorphism when R = N is a field of characteristic zero. An explicit description 
of b for the algebraically closed N c is as follows: Using Morita equivalence and by taking 
determinants we obtain an isomorphism 

(9.10) KxiN^G^r 1 ]) ^Hom^AHM" 1 ]*) 

where Rq is the group of -/V c -valued characters of G. Since (N c [t,t~ l ]) x = t z • (N c ) x the 
target can be written 

Hom( J R G ,t z ) x Hom(R G , (N c ) x ) ^ K (N C [G}) x Kx(N c [G]) 

and biyc is the resulting composition. 

Lemma 9.3. Suppose (N[G] m , g) are Horrocks data for an 0^[G]-bundle £ onPjy. Denote 
by [g] the class of g in Ki(N[t,t~ l ][G]). Then the component ofbN c ([g]) in Hom(i?c,t z ) = 
Ko(A rc [G]) is given by the character function 

^ t d C g((S® N cVx) G ) 

where is a N c [G]-module with character tp. As a result, the component of &jv(bD ^ n 
K (N[G]) is equal to the reduced Euler characteristic *(!%£) = x(^n, S)-x(P]f, O p i [G] m ) 
m K (iV[G]). 

Proof. The second part of the statement follows from the first part and the (usual) Riemann- 
Roch theorem on the curve P]y c . To show the first part is enough to observe that the degree 
of a vector bundle obtained by gluing as above is given by the valuation of the determinant 
of the transition (gluing) matrix at t = 0. □ 

9.b.3. We now continue with the proof of Theorem Since g is in GL' m (Q[G] [t, t' 1 }) 
Lemma [93] and the above discussion implies that there is kq G Ki(Q[G]) with Det([^]) _1 = 
Det(rtQ). Similarly, since g is in GL^(Z P [G] [t, i" 1 ]) and Ko(Z p [G]) C Ko(Q p [G]) we obtain 
that there is k p G Ki(Z p [G]) such that DetQg]) -1 = Det(/c p ). Lift kq, k p to zq G Q[G] x , 
z p G Z P [G] X , and consider the elements g'q = zq ■ g G GL(Q[G] [t, i -1 ]), g' p = z p ■ g G 
GL(Z p [G][t,t~ 1 ]). For these elements we have 

[g' Q ] G SKi(Q[G] [M" 1 ]), [g' p ] G SKi^C^M -1 ]). 
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Since by Morita equivalence and Lemma fZM, SKi(Q[G][t, t x ]) = (0), this shows that g ! Q is 
in E(Q[G][M -1 ])- Consider the image of [g' p ] in SKi(Z p [G]{{t}}). By Corollary EHl the 
natural homomorphism 

SK 1 (Z p [G]((t- 1 ))) -> SK 1 (Z p [G!]{{t}}) ) 

where Z p ((t~ 1 )) is the p-adic completion of Zpfi -1 ], is surjective. Therefore, for each p, 
we can find an element h p £ GL'(Z p [G]((t- 1 ))) with [hp] = [g'p]" 1 in SKi(Z p [G]{{t}}) M- 
Ki(Z p [G]{{t}}). Notice that for those p which do not divide the order of G and where zq 
is a unit, we can take z p = zq and h p = 1. 

We will now show how to choose (stably) Parshin bases f Vi for J 7 which provide us 
with an (adelic) elementary structure. For simplicity, we will write Vi , O mVj , instead of 
Opi Vi , Opi tT)iTI , etc. The Horrocks description for T provide us bases e m for T r]i which are 
determined by fixing a basis of Mq ~ Z[G] m . Denote by the (unique) generic point of P . 
Denote by 1h the generic point of the divisor H = {t = 0}, and for each prime p, denote 
by l p the generic point of the fiber of p. We also denote by 2 p the unique closed point t = 
in characteristic p which is the intersection of 1h arid l p . The Horrocks gluing description 
implies that there is a basis eo = {cqI/JLi over the generic point such that that e r] = g~ 1 eo 
if 77 is on 1h and e v = eo otherwise. This implies the following values for the transition 
matrices \ ViVj (recall e m = A^e^): 



(9.11) 



x 0?7i 



g, if 771 = Iff, 
1, if r]i / 1 H . 



(9.12) 



1, if 772 ^ 2 P , 

1, if 772 = 2 p , 771 = lij, 

5, if % = 2 P , r/i / 1#, 



All the other values are determined from these and the cocycle condition. We now give 
different bases f Vi by /o = zq ■ eo and 



in 



ei H , if 771 = li/ 

z ph P ■ ei p , if 771 = l p , f m 

zq ■ e Vl , if 771 {H, l p for all p} 



e2 K 



if m 



Zphp ■ e m , if 772 ^ 2 p in char. p. 



These give the following values for the transition matrices ViV . with respect to / % : 

1, if 771 g" {1 H , l p for all p} 

(9.13) 9 0ril = \ Zq- g, if 771 = 1# 

zqh^Zp 1 , if 771 = l p 
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1, if 771 = Iff, 

i, if m = ip, m 2 p 

(9.14) 9 mm = { zq ■ g, if 772 = 2 P , r)i^l H , lp for all p 
z p hp ■ g, if 771 = l p , 772 = 2 P 

k -Zq fop Zp , if 771 is horizontal, m ^ 1 H , m ^ 2 p in characteristic p. 

We now verify that the matrices 9 ViTjj are elementary for all pairs r]i, rjj. By our construction, 
Det(9 rjirij ) = 1. (Notice for example that Det(z<Q)) = Det(z p ) = Det(<j) _1 .) Observe that: by 
Morita equivalence and the fact that SKi is trivial for commutative local rings, we know that 
SKi(Oo»7i [G]) = (0), and that SKi(O m??2 [£?]) = (0) if 771 is horizontal; and by Proposition 
12. 71 and Morita equivalence we know that SK^Oo^ [G]) = (0). The only thing left to check 
is that 9\ V 2 V = z p h p g has trivial image in SKi(d?i p 2 p [G]) = SKi(Z p [G]{{t}}). This follows 
from our choice of z p , h p above. 

Hence, the above completes the proof of part (i) of the statement of Theorem I9.2L 

It now remains to show part (ii) which is the Riemann-Roch identity. 

Notice that the elements 9 riiTli satisfy the conclusion of part (a) of Proposition 16.41 for 
the divisor D which is the union of 1h with the fibers lp over the finite list T of primes p 
which either divide the order of G or are such that zq G Q[G] x does not belongs to Z P [G] x . 
Set Q = Yl pe xP- Enlarge T and the corresponding divisor D to ensure that the group 
SKi(Z[Q _1 ][t,t _1 ][G]) is trivial. (We can do this since, by our assumption, for sufficiently 
large Q, is a product of matrix rings with entries in principal ideal domains; we 

can then follow the same arguments as in §9.b.2l ) 

We will now show how to choose lifts 9^. as in Proposition 16.41 that can be used to 
calculate the adelic second Chern class according to the recipe in Definition 16.51 



Proposition 9.4. There are choices of lifts 9 rHVj of 9 riiVj so that 9 Vor)1 € St(O r?1 [G]), 
@mv2 ^ St(C , r?1 ^ 2 [G]), and 9 mm G St(O r?2 [D^fG]), so that for the element z(9) of Proposi- 
tion \6.4\ (b) we have: 

(i) z(9)^ 0>r)ltV2 - ) = 1, unless 771 = l p and r] 2 = 2 p , 

(ii) z{9)(Q t \ 2 ) = 1> */ P does not divide the order of the group G and is such that 
z Q G Q[G] X belongs to Z p [G] x . 

Proof. Let us prove (i) first. We will consider z{9)/ 7]0 ^ 1 ^ 2 \ for 772 in characteristic p. We 
suppose we do not have 771 = l p , 772 = 2 p . Then all cases of such triples (770,771,772) have 
similar structure: namely, one of the 9^. = 1 and so the remaining two transition maps 
9 Varib are equal (up to inversion) to a value that we denote 9; there are three relevant rings 
6 nL [D~ 1 }, 6 mm , and O^D" 1 } and the common value 9 belongs to the intersection of two 
of them. In all cases we shall identify a subring R of this intersection with the property 
that 9 G E(i?[G]); we can then use a lift 9 G St(i?[G]) twice in computing z(9)( V(hVl ^ to 
get the value 1. 

Case 1: Horizontal case rji = Iff. 

Here there is only one situation to consider; namely, 772 = 2 p ; then 9\ Hm = 1, 9§ m = 
-- O i„. We know that z Q g Q G SL(Z[Q" 1 ][t,^ 1 ][G]). Since SK^ZfQ" 1 ] [t, t~ x } [G]) = 
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{1}, we have z Q g Q £ E(Z[Q- 1 ][t,t~ 1 ][G]). Note that 

(9.15) ZfQ-^M -1 ] -> O lH [D-\ ZIQ- 1 ]^- 1 ] O^D- 1 }. 

We can therefore use the surjection St(Z[Q" 1 ][t, i _1 ][G]) ->• E(Z[Q' 1 ][t, i" 1 ]^) to find a 
common lift of both 9\ Hm and #0772! the corresponding z(#)(o,1h,??2) is then trivial. In other 
words, here we take in the above sketch R = Z[<5~ 1 ][t, t" 1 ]. 

Case 2: Horizontal case r\\^\u- 

Here Oriom = 1 an d there are two subcases to consider. 

Subcase (a): 772 ^ 2 p . Then 9 vir)2 = ZQh~ 1 z~ 1 = 9 vom . We have z<^h~ x z~ x = 1, if p $ T, 
and z Q h~ l z- 1 6 SL(Q <g>g Zp((t _1 )) [G]) = E(Q ® z Z p ((^ 1 }) [G]) if p € T (cf. LemmaEE}. 
The situation is trivial if p T. If p £ T, (^[Z? -1 ] and O vlV2 are the two relevant rings; 
we can then take R to be Q ®z Z p ((t~ 1 )} and proceed as before to get z(9)( vomm } = 1. 

Subcase (b): t/ 2 = 2 p . Then 9 Vim = z Q g Q = 9 vom , 6 rn [D- 1 ) = Z p ((t))[<5~ 1 ] and 6 mm 
are the two relevant rings; here we can work with R = Z p [Q ][i,t -1 ]. Notice here that 
since 771 7^ 1#, t is invertible in O mri2 . 

Case 3: Vertical case when rji = l p . 

Here there is only the case 772 ^ 2 P (since the case 772 = 2 P is excluded). Then #i ^2 = 1 
and #r?oip = ZQ^p 1 ^ 1 = The two relevant rings are O m [D" 1 ] = O m [t , 

O m [D~ l ] = 1j p [[t — 7/2]] <5 -1 ]; Since i is a unit in Z p [[t — 772]], here we can work with 
/2 = Z p ((r 1 ))[Q- 1 ]. 

To prove (ii) we observe that for a prime p that does not divide the order of the group 
and with zq a unit at p, we have taken z p = zq, h p = 1. Then #oi p = 1; ^i p 2 p = #02 p = 
Z Q ' 9 = z p ' 9- Part (ii) then follows by a similar argument as above by using the ring 
R = Z p [Q- 1 ][t,t- 1 }. 

This completes the proof of Proposition 19.41 □ 

By Proposition 19.41 a representative for the pushdown /*(c2(J r )) of the second adelic 
Chern class C2(J r ) of T is given by the idele in Y\ p Ki(<Q) p [G]) whose component at p is given 
by the push-down /* of 

(9-16) z(Q)(o,i P ,2 P ) = S02(zQgQ)s 12 (z p h p g)- 1 s i(zQh~ 1 Zp 1 y 1 . 

Here, for clarity in the right hand side, we use the symbol S12 to denote the lift of an element 
in the Steinberg group St(O r;iJ?2 [G]) = St(Z p {{i}}[G]), the symbol S02 to denote a lift in 
the Steinberg group St(^ 2 [ J D _1 ][G]) = St(Z p ((t))[Q- 1 ][G]), and the symbol s i to denote 
a lift in the Steinberg group St(O r?1 [D _1 ][G]). The product is taken in St(O voriim [G}) = 
St(Q p {{t}}[G]). 

Recall that with the above notation we write wq(gQ) = (gq, aq), w p (g p ) = (g p , a p ). The 
desired result will follow if we show 

/*O(0)(o,i p ,2 p ))) = a^apK^Kp 
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with kq € Ki(Q[G]) b , K p S Ki(Z p [G]) b . We now evaluate the pushdown /*(2(0)(o,i p ,2 p )) by 
working with each of the three right hand terms in equation (|9.16p . Recall that the push- 
down is defined via the inverse of the homomorphisms d, d and in particular, f*(z(8)^ 0lp2p )) = 

1) s 02(<£Q5q) : By the above we know that 

zq 9 q € SL(Z[Q _1 ][t,t _1 ][G]) c E^Q" 1 ] ®Z((t))[G\) C E(0 O2p [G]). 
We let n{Z[Q^] ® Z((t))[G]) denote the pullback of W(Q((t))[G]) along 

GL'^IQ- 1 ] ®Z((t))[G]) C GL'(Q((i))[G]). 
We may now compute using the following diagram 

E(Z[Q- 1 ]®Z((t))[G]) S 4 St(Z[Q~ 1 ]®Z((t))[G]) 

(9.17) X inclusion I 5 
GL , (Z[Q- 1 ]0Z((t))[G]) W 4 ^(Z[Q" 1 ]®Z((t))[G]) 

which commutes up to an element of Ki(Q[G]) (see (I3.12p . Here wq is a set-theoretic 
section of the %-sequence that is compatible with the natural splitting of 7i(Q((t))[G]) over 
GL(Q[G]). We then get the equality 

(9.18) d(so2(z®g®)) = d(s Q (zQgQ)) = kqu;q(zq5q) = kqzqwq^q) 
for some kq € Ki(Q[G]). 

2) si2(z p h p g p ): From the above we know that 

z p e Z P [G] X , h p € SL(Z p ((t~ 1 ))[G]), g p € GL'(Z p [t, t" 1 } [G]). 

Thus all terms lie in GL'(Z p {{i}}[G]) = GL'(Oi % [G]) and by construction the product of 
these three elements lies in E(Z p {{t}}[G]). We now compute d{s\2{z p h p g p )) using the anal- 
ogous diagram to (|9.17j) above for the ring Z p {{i}}[G], which commutes up to an element 
of Ki(Z p [G]). Using the fact that H{Z p {{t}}[G]) splits naturally over GL / (Z p ((t~ 1 )) [G]), 
we obtain the equality 

(9.19) d(s 12 (zphpg p )) = KpWp(z p h p gp) = KpZph p Wp(g p ) 
for some k v € Ki(Z p [G]). 

3) soi^zqhp 1 z^ 1 ): If p T then this term is trivial. We assume that p is in T so that 
ZpfC;" 1 ] = Qp- From the above work we know that 

z Q eZ[Q~ 1 ][G] x , / lp GSL(Z p ((t- 1 ))[G]), z p eZ p [G] x . 

Thus all terms lie in GL(Q p {t _1 }[G]). By construction their product lies in SL(Q p {t -1 }[G]). 
(Recall, Qpjt" 1 } := Q ®z Z p ((t~ 1 )) is the free Tate algebra.) 

Using Lemma [2H we deduce that z^h^z' 1 € ^{%{t' l }[G}) . Define H{%{t- l }[G\) 
to be the pullback of %(Q P {{i}}[G]) along the inclusion 

GL(Q p {t- 1 }[G]) -4 GL*(Q p {{t}}[G]). 
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By £ j3.e.4l we have a natural splitting w of the resulting central extension of GL(Q p {i _1 }[G]) 
which agrees with the natural splittings over Q[G] X , Z P [G] X , SL(Z p ((t~ 1 }) [G]) that we have 
used in cases (1) and (2) above. We can also restrict this extension along E(Q p {t~ 1 }[G]). 
The fact that this last extension of E(Q p {i _1 }[G]) splits also follows from Corollary 14, 5| 
since the Steinberg sequence for Q p {t~ 1 }[G] is the universal central extension of the perfect 
group E(Q p {t _1 }[G]). The universality gives 

d : St(Q p {t- 1 }[C]) -)> n® P {{t}}[G}) 

which then has to be equal to the composition w a tt where ir is the natural homomorphism 
from the Steinberg group to the elementary group of Qp{i _1 }[G]. Thus we get 

(9.20) d(s 01 (zQh~ 1 Zp 1 )) = w(zQh~ l z~ l ) = zq/i" 1 ^" 1 . 

In summary from (|9.18p . f|9. 19j) and (|9.20p . we see that the expression 

9(z0)(o,i p ,2 p )) = d(s 02 (zQgQ))d(si2(z p h p g p ))~ 1 d(soi(zQhp 1 Zp 1 )y 1 

is equal to 

ZQWQ(gQ)(z p h p w p (g p ))~ 1 (zQh~ 1 z~ 1 )~ 1 k q k~ 1 
= ZQWQ(gQ)wp(g p )~ 1 h~ 1 z~ 1 z p hpZ~ 1 KQK~ 1 
= w Q {gQ)w p {g p )~ l KQKp 1 . 

By dEHJ) above this is equal to a' 1 aQKQKp 1 . Since )(o,i p ,2p)) = ^(^(o.ij,^)) -1 we 

obtain /*(^(0)(o,i J ,,2 J ,)) = K p K Q la q la p which completes our proof. □ 

9.b.4. In this last paragraph we show an adelic Riemann-Roch theorem for general bundles 
on P^. Suppose £ is a C P i [G] -bundle of rank n on P^ with "Horrocks data" (Mo,g). We 
first give (somewhat ad-hoc) definitions of ch\{£) n H and ch 2 (£) in CH^(P 1 [G]). 

Suppose that (a p ) p S Ilp^iCQp^) * s a Ki-idele representing the class of the locally free 
module M in K^ ed (Z[G]) = CHi(5[G]). By Remark[53J this class coincides with the first 
Chern class c%(Mq) of the corresponding 0s[G]-sheaf over S = Spec(Z) as defined in £15.al 
If D = m ■ H is a divisor on P^ which is a multiple of the hyperplane section H = {t = 0}, 
we denote by ch\{£) n (m ■ H) = c\(£) n (m ■ H) the element in CH| i (P 1 [G]) represented by 
the K2-idele which is equal to {a p ,t m } at the triples (0, l p ,2 p ) for all p, and 1 everywhere 
else. (Here, since t is central, we can make sense of the symbol {a p , t m } in K2(Q p {{i}}[G]).) 

We can find a locally free ideal I C Z[G] with M ~ I © Z[G] n_1 (see for example 08]). 
Find also an ideal J C Z[G] such that I © J ~ Z[G] 2 . Let d = deg(det(£))/#G. We let 

(9.21) F = £®f*J®0 T i{-d)[G\. 

We can see that the sheaf J- satisfies the assumptions (a), (b) of Theorem 19.21 To define 
ch 2 {£) € CHKP^G]), we now set 

(9.22) ch 2 (£) := ch 2 {T) = -2c 2 {T) in CHi(P 1 [G]). 
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Remark 9.5. Notice here that we are lacking a direct and general definition of ch,2{£) that 
applies to all locally free Oy [G]-sheaves on a arbitrary arithmetic surface Y. However, over 
P , the above definition makes sense. Indeed, it is a reasonable expectation that the two 
summands f*J, 0-pi(—d)[G], should have trivial c/12's. Indeed, f*J is pulled-back from 
the 1-dimensional S = Spec(Z), while chi{p^\ (— d)) = in the non-equivariant setting. 
Similarly, one can ask if it is possible to define an intersection pairing 

CHl(Y[G]) x CH^Y) -4 CB 2 A (Y[G}) ; (c,D)^cnD 

by capping with a local generator of the divisor D when Y is a regular arithmetic surface. 
Such a construction would give a more natural interpretation of ch\{£) n H = c\{£) n H 
given above. 

Theorem 9.6. (Adelic Riemann-Roch theorem for P 1 ) Let £ be a locally free coherent 
Opi[G]-module £ of rank n on Pi. Assume Q[G] splits as in Definition \2.9[ Then 

(9.23) x P (V\£) - x P (P\Opi[G] n ) = U{{chi{£) + ^P-) n (1 + Cl( ^ 1/S) )) 

m G1(Z[G]) = K^ d (Z[G]) = CHi(S[G]). 

In this expression, the numerators of both fractions are canonically divisible by 2. (By 
(|9.22p and Tpi/ S ~ Opi(2) so that ci(T P i/ s )/2 = iT.) The precise meaning of the right 
hand side is f*(ch\(£) fl iJ) — /*(c2(J 7 )). We choose to write the result in this (ambiguous) 
way to resemble the expression in the classical Grothendieck-Riemann-Roch theorem. 

Proof. Recall that T = £ © f*J © O w i(-d)[G] with [J] + [M ] = in K^ cd (Z[G]). Hence, 
we have ^(P 1 , J 7 ) = x P (P 1 5 ^) — [-Wo]. The right hand side of f|9.23j) is interpreted as 

U-c 2 (F) + Cl {£)r\H). 

Since f*({a p ,t}) = a p , this is equal to — /*(c2(J 7 )) + [Mo]. Therefore, (|9.23p reduces to 

(9-24) x P {V\F) = -h{c2{F)) 

in K v cd {Z[G]) = CHi(5[G]). Here 7" satisfies conditions (a), (b) of Theorem Mi and the 
result follows from loc. cit. □ 
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